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ABSTRACT

Intersection types have the power to type expressions which are
all of many different types. Gradual types combine type check-
ing at both compile-time and run-time. Here we combine these
two approaches in a new typed calculus that harness both of their
strengths. We incorporate these two contributions in a single typed
calculus and define an operational semantics with type cast anno-
tations. We also prove several crucial properties of the type system,
namely that types are preserved during compilation and evaluation,
and that the refined criteria for gradual typing holds.
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1 INTRODUCTION

Types have been broadly used to verify program properties and
reduce or, in some cases, eliminate run-time errors. Programming
languages adopt either static typing or dynamic typing to prevent
programs from erroneous behaviour. Static typing is useful for
compile-time detection of type errors, while dynamic typing is done
at run-time and enables rapid software development. Integration of
static and dynamic typing has been a quite active subject of research
in the last years under the name of gradual typing [15, 16, 23, 24, 38—
40].

Intersection types, introduced by [17] and [35] in 1980, give a
type theoretical characterization of strong normalization. Several
other contributions followed, making intersection types a rich area
of study [7, 11, 19, 21, 29, 30, 41], also used in practice in program-
ming language design and implementation [8, 14, 20, 22, 36, 42].
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Although the type inference problem for intersection types is not de-
cidable in general, it becomes decidable for finite rank fragments of
the general system [30], e.g. rank 2 intersection types [6, 21, 25, 26].

In this paper, we present a new gradually typed calculus with
rank 2 intersection types. To gradually shift type checking to run-
time, one needs to annotate lambda-abstractions with the dynamic
type, Dyn, which matches any type. Therefore, gradual type sys-
tems have an intrinsic need for explicit type annotations. Standard
gradual types enable to declare every occurrence of formal function
parameters as dynamically typed. Our system, using intersection
types, enables some occurrences of a formal parameter to be de-
clared as dynamically typed while others as statically typed. This
gives a new fine-grained definition of dynamicity which is only pos-
sible by the use of intersection types. Thus, the main contributions
of our paper are:

(1) a gradual intersection typed calculus, with rank 2 intersec-
tion types, which obeys the usual correctness criteria prop-
erties for gradual typing [40] (section 4);

(2) a compilation procedure, which inserts run-time casts into
the typed code (section 5);

(3) a type safe operational semantics for the whole calculus
(section 6).

Intersection types were originally designed as descriptive type
assignment systems d la Curry, where types are assigned to untyped
terms. Prescriptive versions of intersection type systems, support-
ing terms with type annotations in A-abstractions, are not trivial
[9, 21, 32, 36, 37, 43]. We faced similar problems in our typed calcu-
lus to add dynamic type annotations to individual occurrences of
formal parameters. As an example consider the following annotated
A-expression, where we need to instantiate ¢ in order to make the
expression well-typed: (Ax : Dyn A (Int — Int) . x x) (Ay : 0. ).
This expression can be typed with Dyn, because Ax : Dyn A (Int —
Int) . x x has type Dyn A (Int — Int) —» Dynand Ay : 0 .y
may have two types: (Int — Int) — Int — Int, with o equal to
Int — Int, and Int — Int, with o equal to Int. The question now is
how to choose the right type for 0. One might be tempted to use
the term Ay : (Int — Int) A Int . y, however that would result in
the expression being typed as either (Int — Int) A Int — Int — Int
or (Int — Int) A Int — Int, both of which are incorrect. Several
solutions have been presented to this problem [9, 32, 36, 37, 43].
Our type system follows the solution of [9], which makes use of
parallel terms of the form M | ... | My, where each M;, fori € 1..n,
is a term with a unique type assigned to it. In the example above,
the expression would now be annotated as (Ax : Dyn A (Int —
Int) . x x) (Ay : Int — Int .y | Az : Int . z), where the type of the
argument is ((Int — Int) — Int — Int) A (Int — Int).
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Although originally defined in a programming language con-
text, the logical meaning of the dynamic type is an interesting
question. This is especially relevant in the context of intersection
type systems, due to the apparent similarities with the w type [18]:
the w types any program, even ill-typed ones, whereas the Dyn
type relaxes the type system, allowing ill-typed programs to be
type-checked. Our work can be viewed as a first step towards a
proof-theoretical characterization of the dynamic type in the con-
text of intersection types. Note that rank 2 intersection types have
a decidable type inference problem [6, 21, 25, 26]. So, it should be
possible to adapt the type inference algorithm defined in [5] to
output the whole syntactic tree of annotated parallel terms, given
a partially annotated lambda term as input. This would also enable
the use of our calculus as an intermediate code in a gradually typed
programming language, avoiding the extra effort of programmers
to write several annotated copies of function arguments.

2 RELATED WORK

In [4] we made a first attempt to define a gradual intersection type
system. However, this first system had not the type preservation
property, due to a naive definition of type annotations with in-
tersection types. So, our first concern was to redesign the system
using an existing intersection type system with proper support for
type annotations. Intersection-types a la Church [32] tackled this
challenge by dividing the calculus into two. Marked-terms encode
A-calculus terms and connect to proof-terms via a variable mark.
Proof-terms carry the logical information in the form of proof trees,
in which are included the type annotations. Although technically
sound and clean, there’s a rather large overhead in carrying two
distinct terms. Coupled with the indirection arising from the con-
nection between marked and proof-terms, we find this approach too
cumbersome for our specific purpose. The issue is that integration
of any approach with gradual typing will mean adding a significant
level of extra complexity. Branching Types [43] encode different
derivations directly into types, by assigning to types a kind that
keeps track of the shapes of each derivation. Although an elegant
way of dealing with explicit annotations, we found later approaches
to allow a more viable integration with gradual typing. Another
typed language with intersection types is Forsythe [36]. We did
not consider this approach because some terms in this system lack
correct typings when fully annotated, e.g. there is no annotated
version of (Ax.(Ay.x)) with type (t > 7 > 1) A (p = p — p).
A Typed Lambda Calculus with Intersection Types [9], introduces
parallel terms, where each component is annotated, resulting in
the typing of the parallel term with an intersection type. Besides
allowing type annotations, parallel terms also make easier the defi-
nition of dynamic type checking of terms typed by an intersection
type. Thus, due mainly to this simplicity and elegant design, we
chose [9] as the basis upon which we built our system.

There is also previous work dealing with gradual typing in the
presence of intersection types following a set-theoretical approach
based on semantic subtyping [12, 13]. By using principles of abstract
interpretation, [12] introduces a semantic definition of consistent
subtyping. This work does not consider a precision relation, which
precludes important properties, such as gradual guarantee [40].
Type inference was not approached in this work, but in [13] the
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authors refine the work of [12], also introducing a type inference
algorithm. However, due to the unrestricted rank of intersection
types, this algorithm is not complete. In our paper, we restrict
gradual intersection types to rank-2, for which there is a complete
type inference algorithm [5]. We are now working on an extension
of the algorithm described in [5] to the prescriptive type system
described here.

Finally, there are contributions on gradual typing with intersec-
tion types using contracts which are also related but intrinsically
different from our work. In [27, 44] contracts are implemented
as a library, which differs from our approach which relies on the
definition of a gradual type system. Furthermore, these contribu-
tions employ intersections as a conjunction operator of contracts,
whereas we define an intersection type system and a type safe
calculus. More recently [34] uses intersection types in the same
context, but differently from our work. The main differences are:
intersections in [34] are between refinements, limiting the set of
types in intersections, and we deal with general intersection types.
Besides this [34] is based in a different calculus [33] using strong
pairs instead of parallel terms and a non-deterministic operational
semantics.

3 INTERSECTION TYPES AND SYNTAX

In the original system [17], intersections are defined as associative,
commutative and idempotent. There have been several succeeding
contributions that make use of non-idempotent intersections, usu-
ally to obtain quantitative information through type derivations
[1, 3, 10, 28]. Here we restrict even more the algebraic properties of
intersections, following the definition of [9] of a sequence 71 A. . . ATy,
as an ordered list of base types or arrow types. Therefore, intersec-
tions are non-commutative, i.e. the positions of instances cannot
be swapped, e.g. T A p # p A 7, and non-idempotent, i.e. the dupli-
cation or collapsing of instances of the same type is not allowed,
eg.TAT#T.

Let 7 and p (possibly with subscripts) range over monotypes
(where the top level constructor is not the intersection type connec-
tive), and o and v (possibly with subscripts) range over sequences.
Since we allow sequences of size one, o and v also range over mono-
types. B ranges over base types, such as Int and Bool, and Dyn is
the dynamic type. We define the language of types in the following
grammar:

Monotypes t == B|Dyn|loc—1

Sequence Types o == 711 A...A7T, (withn>1)

Given a sequence 71 A ... A Ty, each 7; is called an element of
the sequence. When we say type we refer to either monotypes
or sequences. Following the original definition in [17], sequences
can only appear in the left-hand side (domain) of the arrow type
constructor. Therefore, the shape of a (valid) arrow typeis 7y A... A
Tn — p, with n > 1. The intersection type connective A has higher
precedence than the arrow type constructor —, and — associates
to the right. We introduce the following relation: 7 € 71 A ... A 1y
means that 7 = 7; for some i € 1..n. We say a type is static if it
contains no Dyn type components.
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3.1 Syntax

Our language is an explicitly annotated lambda calculus with term
constants, i.e. integers and booleans. We include parallel terms
from [9], which are annotated by sequences, and form one of the
key features in our system. Similarly to intersection, the parallel
operator is non-commutative and non-idempotent: M* | N #
NP | M* and M" | M™ # M".Let M and N (possibly with subscripts)
range over typed terms, x, y and z (possibly with subscripts) range
over term variables, k range over term constants, such as integers
and booleans, and i, j, m and n range over positive integers. We
use IT and Y (possibly with subscripts) to range over parallel terms
M| ... | My", where n > 1, and call each M;" a component of T1°.
We extend the language with built-in addition; the other arithmetic
operations can be defined similarly. We define the syntax of type-
annotated terms, and supporting definitions [9], below:

Monotyped Terms M

KBlcf(x) | Ax:0. M" |
MTTI® | MT + M

Parallel Terms II (Mf1 | ... M) nx>1

Coercions [9], of the form c] (x), annotate a term variable with a
monotype. Considering the example Ax : ((Int — Int) — Int —
Int) A (Int — Int) . x x, we have that x is typed by the sequence
annotated in the lambda abstraction. However, the type used in the
typing derivation for each occurrence of x will be an element of that
sequence. Therefore, we annotate the term as follows: Ax : ((Int —

Int) — Int — Int)A(Int — Int). cl.(Im_}Im)_ﬂm_ﬂm(x) cj.”t_’I”t(x)

Definition 3.1 (Coercion). Given a variable x, a coercion c[ (x)
assigns type 7 and flow mark i to x (flow marks are not relevant
now, and will be explained in subsection 5.1).

Definition 3.2 (Rank). The rank of a type is defined by the fol-
lowing rules:

e rank(r) = 0, if 7 is a simple type i.e. no occurrences of the
intersection operator;

e rank(c — 1) = max(1 + rank(o), rank(r)), if rank(o) + rank(z)
> 0;

e rank(ry A ... A 1) = max(1, rank(ry), ..., rank(z,)) for n > 2.

Given a term M?, fo(MT) denotes the set of free variables in M".
We say a term is static if it contains only static type annotations.
According to the definition of rank restriction [26, 31], a rank n
intersection type can have no intersection type connective A to the
left of n or more arrow type constructors —. We restrict types in
our system to be only of up to rank 2, e.g. ((11 — p1) A11 — p1) A
((r2 = p2) A2 — p2) isavalid type; (((t = p) A1) = p) > T
is not. In a A-abstraction Ax : o . M%, type o is a rank 1 or lower
type.

Definition 3.3 (Typing Context). A typing context is a finite set,
represented by {xy : g1, ..., xn : on}, of type bindings between type
variables and rank 1 o types. We use I" (possibly with subscripts) to
range over typing contexts, and write () for an empty context. We
write x : o for the context {x : o} and abbreviate x : 0 = {x : 0};
and write I'1, I for the union of contexts I} and Iy, assuming Iy
and I} are disjoint, and abreviate I}, I, =Ty U I,.
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Definition 3.4 (Joining Typing Contexts). Let I} and I be two
typing contexts. Iy A Iy is a typing context, where x : o € T} ATy if
and only if o is defined as follows:

o1ANoy, ifx:o1€landx: o€l
o=1o01, ifx:01€land -Joy . x: 09 €Iy

09, if "oy .x:01€handx:0p €l

4 GRADUAL INTERSECTION TYPE SYSTEM

Before defining our gradual intersection type system, we present
some auxiliary definitions.

4.1 Consistency and Precision

The consistency relation ~ [15, 38] forms, along with the Dyn type,
the key cornerstones of gradual typing. It allows the comparison of
gradual types, where two types are consistent if they are equal in the
parts where they are static. However, we must adapt consistency to
support non-idempotent and non-commutative intersection types.
Due to our interpretation of intersection types, which consists in
assigning various types to an expression, we consider the Dyn
type incompatible with sequences. Thus, we restrict Dyn to be
consistent only with rank 0 monotypes 7, and so sequences can
only be consistent with other sequences. With this design choice,
our system stays simple while still keeping the desired expressive
power.

Definition 4.1 (Consistency). Given two types o and v, such that
rank(o) = rank(v), the consistency relation between o and v is
defined by the following set of axioms and rules:

) ] ~ Ty

o~0 Dyn~ 1 7~ Dyn 01 > T~ 02 > T

T1~P1 - Tn~ Pn

TN NTp~p1AN...ANpp

We also require a pattern matching relation that retrieves mono-
types from dynamically typed functions in applications, or from
dynamically typed arguments in additions.

Definition 4.2 (Pattern Matching). The definition follows:
Dynt> Dyn — Dyn

oc—>Tbo—>T

Dyn> B BB

The precision relation (definition 4.3) between two types, written
as 0 C v, holds if type o is more unknown than v. Therefore, the
Dyn type is less precise (E) than any other monotype 7. We lift the
precision relation to contexts (definition 4.4) and terms (definition
4.5).

Definition 4.3 (Precision). Given two types ¢ and v, such that
rank(o) = rank(v), the precision relation between o and v is de-
fined by the following set of axioms and rules:

o1 E oy n1En
cCo DynCr o1 —>11C0—>1n
T1Ep1 ... T E pn

TIAN...ANTREPp1IA...Apn
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Definition 4.4 (Precision on Contexts). Precision between two
contexts Iy and Iz, where both have type bindings for exactly the
same variables, is defined as point-wise precision between bound
types: I, x: 0 EIp,x:v & [N Ehando Cv;and 0 C 0.

Definition 4.5 (Precision on Terms). Precision between two terms,
IT1° C YV, means that I1° has less precise type annotations than Y":

[

P-C P-V, -
[F-Con] (P-Vaxd cf(x) Ecf(x)

kB c kB

vCo NP CM*

A:v.NPCAx:0.M"

[P-ABs]

NP CM* TV CI°

[P-Arp]
NPYYC M*TI°

P1 T1 P2 T2
NP T M NPT M)

P1 P2 1 T
N"+N," C M +M,

[P-ApD]

N C M Np" e Mg

[P-Par] -
NP CINFTEMP | | My

PROPOSITION 4.6 (MONOTONICITY OF I} A I W.R.T. PRECISION).
IfFl’ CI andFZ’ Ch thenFl’ /\FZ’ CIi AT

4.2 Type System

Components of a parallel term are differently typed versions of the
same term, thus equivalent modulo a-conversion. The typed calcu-
lus of [9] enforces this restriction by synchronously typing the com-
ponents of a parallel term. In the parallel application M 1T ! 1'[‘171 | MZT2 ng
both le ! and MZT2 are identical terms with different type annota-
tions, and the same is true for Hfl and ng. Type checking is simply
a matter of checking M{* | M,* and then checking IT7" | IT?, rather
than checking individually each component, M;" TI" and then
MZTZ ng. With this approach, the generating rules are able to en-
sure that components of the parallel term are equivalent modulo
a-conversion.

This restriction cannot be enforced in our system, because it is
not preserved by reduction. In fact, equivalence modulo a-conversion
of components must be relaxed because during term reduction some
components may gather more run-time checks than others. Our
type system provides this necessary flexibility. We present the >«
(variant) relation between terms in definition 4.7, and expand it
in section 5 to account for run-time checks and errors. In essence,
I1° >« YV (19 is a variant term of YY) holds if I1° and Y' have
the same shape of their syntactic trees, while disregarding extra
run-time checks and errors. We assume terms are equivalent up
to a-reducion, in order to prevent variable capture. For example,
Ax . Ay .xv><Az . Aw .z holds,but Ax . Ay . x vk Az . Aw . w.
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Definition 4.7 (Variant Terms»). The s« relation is defined by the
following rules:

[V-CoN] ———— [V-VAR] ————
kB oa kB el (x) pa cip (x)
M" >« NP
[V-ABs]
Ax:o . Misadx:v. NP
MF" >« NP I1° »a YV
[V-Arp]
MTTI% b« NP YV
T P1 T P2
[V-AbD] 1 =N My* > N,
O T T MT e NP+ NP2
1 2 1 2
T P1 Tn Pn
[V-Par] My > Ny Mg” ve N
M| Mg e NPV NG

Definition 4.8 (Variant Set). We define a variant set as follows:
d ) :
ba (M., MI") S vietnjetn. M o MY

We define the gradual type system in figure 2, and its counterpart
static type system in figure 1. The only difference between both
type systems is that in the static type system, due to the lack of
the Dyn type, the consistency ~ and pattern matching > relations
reduce to equality. This difference manifests only in the formulation
of rules [T-App] and [T-ApD]. Hence, the remaining rules ([T-Con],
[T-VaR], [T-ABsI], [T-ABsK] and [T-PaR]) are obtained from figure
1.

Although each term is annotated with its type, we may omit
type annotations if they are trivially reconstructed, e.g. Ax : 0. M*
instead of (Ax : o . M) 7. We impose the following restric-
tion on lambda abstractions. If x occurs free in M”, then the oc-
currences of x in Ax : o . MP are in a one-to-one correspon-
dence with the elements of o. Thus, for each element of the ab-
straction’s annotation, there is a single variable in the body that
is typed by that element, and vice-versa. Furthermore, the or-
der of variables in the body matches the order of the related el-
ements in the type annotation. Therefore, lambda abstractions,
whose bound variable occurs in the body, have the following form:
AX TN AT . cg‘ (x) ... cg" (x) .... Also, according to rule
[T-Arp], the condition v ~ o ensures the order of components in the
argument parallel term matches the domain type of the function.
Therefore, applications with parallel terms as arguments are of the
form: M7/ ATn =7 (Nlp1 | ... | NE™), assumming v = p1 A...Apy,
and 0 = 71 A ... A 7. This restriction ensures the system benefits
from important properties, which will be introduced in section 5.

To enforce this restriction, we rely on type system rules and
the non-commutativity and non-idempotence of intersection types.
Rule [T-VAR] inserts into the context the instances assigned to each
variable. Then, rules [T-Arr], [T-ApD] and [T-PAR] join the con-
texts, per definition 3.4, such that types bound to the same variable
are joined in a sequence ordered w.r.t. the order of ocurrences of
the variable. Finally, rule [T-ABsI] ensures the type bound to the
variable in the context equals the type annotation in the abstrac-
tion, ensuring the one-to-one correspondence. The exception is
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k is a constant of base type B

[T-Con]
Orp kB :B

[T-VAR]

T kA M T
[T-ABsK]

x:ThaCl(x):T

NIFAMTT:i6>7
FZFAHO-ZO'

Conference’17, July 2017, Washington, DC, USA

Ix:orpM": 7T
[T-ABsI]

€ MT
FI—/\)Lx:O'.MT:O'—M'x folM)

Ty ko M7 Int
T ko N . [t

[T-ApD]

x ¢ fo(M7) [T-Arp]

T'tadx:o. M :0—>1

Ty kA M iy o Ty ba My

I ATy Fp M . ¢

T AT g MM+ NI Iy

> (erl,...,M;")

[T-Par] Vi.rank(z;) =0
DA AT A M| [ My st AL ATy
Figure 1: Static Intersection Type System (I 5 IT : 0)
Static Intersection Type System (I' Fx II : o) rules and
I kag MP 2 p pro—oT [y kag MF i T > Int
I“zi-,\(;l'[”:u v~O rzl-AgN'D:p p > Int

[T-Arp]

L AL I—AGMPHU:T

[T-ApD]
T1 ATz bag MT + NP : Int

Figure 2: Gradual Intersection Type System (' +,g I19 : 0)

when the bound variable does not occur in the body of a lambda
abstraction, in which case we apply instead rule [T-ABsK].

PROPOSITION 4.9. IfT FaGg AX : Ty A .. AT . MP i Ty AL AT —
p, and x € fu(MP), then the number of free occurrences of x in MP
equals n, and these occurrences are typed with ty, . . ., T, considering
an order from left to right.

Rule [T-App] uses the standard relations from gradual typing [15],
the > and ~ relations. We also introduce a new rule [T-PAR] which
individually types terms in a parallel term. Note that components of
a parallel term must share the same term structure (><) (this replaces
the Local Renaming rule from [9]). Since components share the
same free variables, they are typed using a unique context I'.

Example 4.10. We illustrate these concepts in the following exam-
ple. We set flow marks to 0 since they don’t influence type checking.
Consider the following expression

(Ax : Dyn A Dyn. coDyn(x) CODyn(x))
Ay : Int? . c{)’”z(y) | Az : Int . cé”[(z))

where we abbreviate as follows: Dyn? denotes the type Dyn — Dyn;
I? denotes the type Int — Int; I* denotes the type (Int — Int) —
Int — Int. We have the following derivations.
Derivation Dj:
[T-VAR] x:Dynkpg c(l))yn(x) : Dyn
def.4.2 Dyn> Dyn — Dyn
def.41 Dyn~ Dyn
[T-ApP] x:DynADyntpg c(?yn(x) cg)yn(x) : Dyn
[T-ABSI] 0 +pG Ax : Dyn A Dyn.

cg)yn(x) c(j)jyn(x) : Dyn A Dyn — Dyn

Derivation Ds:
T-VAR cInt — Int Fpg I (y) 2 Int — Int
y 0 y
[T-ABsl] O rpg Ay : Int — Int. cé"t_’lnt(t) 14
Derivation Ds:
[T-VAR] z:Intkag cg”(z) : Int

T-ABsI] 0 Fng Az : Int.c™(2) : Int — Int
0

Final derivation: by Dy and D3 and since Ay : Int — Int. c{)”falnt(y)

> Az : Int . cé”t(z) holds, and finally by Ds:
[T-PAR] 0 FnG Ay : Int — Int . "M (y) |
Az : Int . cé"t(z)) : Int* A Int?
def.4.2 DynA Dyn — Dyn> Dyn A Dyn — Dyn
def.4.1 (Int* A (Int — Int) ~ Dyn A Dyn
[T-Arp] 0 +ag (Ax: Dyn A Dyn. cODy"(x) CODyn(x))
(Ay : Int? . cé”tz(y) | Az : Int . c(I)"t(z)) : Dyn
We show the typed calculus has the following properties, includ-
ing those from [40]:

PROPOSITION 4.11 (SEQUENCE TYPES AND PARALLEL TERMS). If
Trag 9 :oando =1y A... ATy, withn > 1, thenI1° is a parallel
term, namely 1% = M{* | ... | Mg" for some M, ..., M;".

PROPOSITION 4.12 (BAsIC PROPERTIES). IfT kpg M;' | ... | My" :
1 A ... ATy then:
(1) foranyx : o €T and for anyMl.Ti (1 < i < n), each occurrence
ofx in MiTi is the argument of a coercion of the shape c]T. where
T € 0;
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(2) for any term of the shape Nfl | ... | No™ where for all i
(1 < i < m) there exists j (1 < j < n) such thatNipi = M;i,
the judgement T' kg Nfl [ N,elm CPLA L APy s

derivable. If we can derive a parallel term, we can also derive
a permutation of it, a shorter parallel term and a parallel term
with copies of some components.

LEMMA 4.13 (INVERSION LEMMA).

(1) Rule [T-CoN].If® +nG kB : B then k is a constant of base type
B.

(2) Rule [T-VAR]. We have that x : T baG ¢ (x) : T holds.

(3) Rule [T-ABsI]. Assuming x € fo(MT), if T bapg Ax: 0. M :
oc—-rtthenl,x:0kpg M" : 1.

(4) Rule [T-ABsK]. Assuming x ¢ fo(M"), ifT bpg Ax:0 . M™ :
o — tthenT Fag M7 : 1.

(5) Rule [T-App]. IfT Fpg MP TI" : 1 then typing context T can be
divided intoTy andT; suchthatTy ATy =T andTy Fhg MP : p,
pro -1,k 0V vandv ~ 0.

(6) Rule [T-ApD]. If T Fang M® + NP : Int then typing context
T can be divided into Ty and Iy such thatTy ATy =T and
I1 Fag M™ : t and 7> Int and Tz koG NP : p and p > Int.

(7) Rule [T-PAR]. If T FpG MlT1 | ... | M i1y A... ATy then
typing context T’ can be divided into Ty, ..., Ty, such that Ty A
...ATy =T andTy Fprg Mfl sty and...andTy Fag MY 2 1y
and » (erl, oL M.

Proor. By induction on the length of the derivation tree of
Ttag I 0. O

THEOREM 4.14 (CONSERVATIVE EXTENSION OF TYPE SYSTEM). If
I1° is static and o is a static type, thenT FA II° : 0 &= T kpg
I° : o.

Proor. By induction on the length of the derivation tree of
THATI? :gandT Fpg 119 : 0. O

THEOREM 4.15 (MONOTONICITY W.R.T. PRECISION). IfT Fpg 119 :
o and YV C 119 then AU’ such thatT’ T T and T’ Fpg YV : v and
vEo.

Proor. By induction on the length of the derivation tree of
Trag 19 : 0. O

5 CAST CALCULUS

In gradual typing, type verification is also delayed to run-time,
thus our language must be compiled into a calculus that supports
run-time verification. This target language is widely known as the
Cast Calculus [15], compiled from the typed source language by
adding run-time type checks called casts. We define the syntax of
this calculus for our system below and its typing rules in figure 3:

Monotyped Terms M == ... |M*:7 = 1| wrong®

Parallel Terms II == ... | wrong®

Notice that new terms are added to the syntax of section 3. The
run-time verification, in the form of the cast M” : T = p, checks if
a term M? of source type 7 can be treated as having target type p.
The term wrong® signals a run-time error, being considered either
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a monotyped term or a parallel term depending on the type annota-
tion. These terms are adapted from [15], and serve the same purpose.
Regarding the type system, new rules for application [T-App] and
addition [T-App] are introduced, as well as for casts [T-Cast] and
errors [T-WRONG]. Since casts make explicit the consistency and
pattern matching checks, these are removed from rules [T-App]
and [T-ApD]. The remaining rules ([T-Con], [T-VAR], [T-AssI], [T-
ABsK] and [T-PAr]) are obtained from figure 2. We also expand the
definition of C (precision from definition 4.5) and »< (variant terms
from definition 4.7) on terms, to include casts and errors:

Definition 5.1 (Precision on Cast Calculus). We redefine C on
terms with the rules from definition 4.5 and the following rules:

NP1 £ MR p1Cn p2 C
[P-CasT]
NPUipy = pp CTMT i1y = 1
NPLC M®
vEo p1CT p2CET
[P-WRONG] [P-CasTL]

Y C wrong® NP :p; = py T MT
NP M™

Cnp pLE
[P-CasTR]

NPCM" i1 = 1

Definition 5.2 (Variant Terms on Cast Calculus). We redefine v«
on terms with the rules from definition 4.7 and the following rules:

M™ bq NP1

[V-CasT] p=
M™ i1y = 1 a NP pp = py

o=T1N...NTp

V=p1A...Apn

O=T1N...NTp
V=Pp1A...Apn

[V-WRONGL] [V-WRroONGR]
wrong? >« TV 19 >« wrong®
M™ >« NP
[V-CasTL] p=
M™ .1y = 19 >a NP
MT »a NP1
[V-CasTR]

MTMNPI:p1=>pz

Casts and run-time errors are not considered syntactic terms of
the source language, such as applications or variables. Instead, they
denote transformations between types and typed expressions, i.e.
their presence in the language comes solely from types and not
from terms. So, they play no role in deciding whether an expression
is syntactically equivalent to another, and thus are treated as void
elements in the above definitions.

5.1 Flow Marking

Before compiling expressions into the cast calculus, we must add
annotations that guarantee the correct flow of terms from argument
positions to their respective variable occurrences. According to
definitions 4.1 and 4.2, when applying a function to an argument,
the Dyn type is thought of a yet unknown static type. In Ax :
Dyn . cg)y"(x) + 1" the Dyn type can be thought of as being
the Int type, but with a run-time type verification. In the presence
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Gradual Intersection Type System (T +og 17 : o) rules and

i Face M™: Int

I Face Nt g
[T-ApD]

[T-CasT]
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Ih Face M7t
D bpacc I i o

[T-Arp] pe——
M AL Face M " :r

Trace MP i1 T~p

T AT Face M+ NI Ing

TraceMFit=pip

[T-WRoNG] ———————————
0 Facc wrong® o

Figure 3: Gradual Intersection Cast Calculus (I’ Fpcc I : 0)

of non-commutative and non-idempotent intersection types, this
meaning of the Dyn type differs slightly. We can have expressions
with several instances of the Dyn type:

(Ax : Dyn A Dyn . c(?y"(x) CODyn(x))
(Ay : Int — Int . <M= (y) | Az Int . M (2))

These can be thought of as different, yet unknown, static types,
with a delayed type verification in run-time. The first occurrence,
appearing on the left of the A and also on the first coercion, can
be thought of as the type (Int — Int) — Int — Int. The second
occurrence, appearing on the right of the A and also on the second
coercion, can be thought of as the type Int — Int. Therefore, since
these two Dyn occurrences represent two different types, they will
correspond to distinct components of the argument parallel term.
Operational semantics must distinguish these types, and keep the
flow of arguments to their respective occurrences [9] as intended.
The first term in the parallel should flow to the first occurrence
of x while the second term should flow to the second occurrence.
However, since the different occurrences are typed with the same
Dyn type, it is possible that the first component in the parallel
term flows to both of them. This erroneous behaviour originates an
expression which is not the intention of the programmer and that
leads to a wrong error: (Ay : Int — Int . cé"t_’lm(y)) Ay : Int —
Int . cént—)[nt(y)).

Our solution is to mark coercions with an index, called flow mark,
according to the position of its type in the lambda abstraction’s type
annotation. Having both coercions and parallel term components
ordered w.r.t. the order of instances in lambda abstraction anno-
tations facilitates this. So, we effectively link each component in
the argument parallel term with its corresponding coercion in the
body. We define flow marking in figure 4, and also in definitions 5.3
and 5.4. We overload the type connective A to also accept indices,
and use i (possibly with subscripts) to range over lists of indices.
We then overload the A operator from typing contexts, definition
3.4, to also accept flow contexts, and reuse the definition.

Definition 5.3 (Flow Context). A flow context is a finite set, of the
form {xy : i1, ..., X : in}, of (variable, list of indices) pairs called
flow bindings, where iy = i1 A. . .Aijjand... andi, = iniA. . . Aipm.
We use X (possibly with subscripts) to range over flow contexts, and
write 0 for an empty context. We write x : i for the context {x : i}
and abbreviate x : i = {x : i}; and write 31, X, for the union of
contexts X1 and X2, assuming X1 and Xy are disjoint, and abreviate
21,22 =21 U 2.

Definition 5.4 (Flow Marking on Contexts). We obtain the corre-
sponding flow context from a typing context by replacing the types
with indices: T > ¥ e Ix: 1 A...ATh DX x:1A...An;
and @ < (. We define the abbreviation (I'), as follows: (I'), = 3,
if T < 3.

Example 5.5. Consider the previous example after flow marking:
(Ax : Dyn A Dyn . c?yn(x) c?yn(x))
(Ay : Int — Int . c{"t_ﬂm(y) | Az : Int . c{m(z))

Notice that the first coercion in the A-abstraction, with a mark
of 1, will be replaced by the first component in the parallel term.
Similarly, the second coercion, with mark 2, will be replaced by the
second component. Both coercions in the parallel term are marked

with 1 since there is only one instance in the annotation. Flow
marking is type-preserving and monotonic w.r.t. precision [40]:

THEOREM 5.6 (TYPE PRESERVATION OF FLOW MARKING). IfT FpG
I1° : o then X kpg 119 <> Y andT +pg Y° : 0, whereT < 3.

Proor. By induction on the length of the derivation tree of
Ttag 09 : 0. O

THEOREM 5.7 (MONOTONICITY OF FLOW MARKING). If 21 FaGg
N — I and 33 kag Y{ — Y3 and Y{ CTI] then Y CTI7.
Proor. By induction on the length of the derivation tree of

21 kag 1Y > 103 O

5.2 Cast Insertion

After applying the marking operation, the expression can be com-
piled into the cast calculus by the rules defined in figure 5. Most
rules are straightforward, recursively inserting casts in the sub-
expressions, but rule [C-App] deserves a thorough explanation.

Example 5.8. Going back to our example in subsection 4.2, we
insert casts as follows:

((Ax : Dyn A Dyn . (ch"(x) :Dyn = Dynz)
1
(c?yn(x) : Dyn = Dyn))
: Dyn A Dyn — Dyn = Dyn A Dyn — Dyn)
((Ay : ?. c{z(y)) I = Dyn | (Az : Int . c{”t(z)) P = Dyn)

Inserting casts in function terms is simple: make the source type
the type of the function, and the target type the result of pattern
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2,(x20')<_> FAG MT ’—)NT

[M-CoN] —————— [M-VaRr] [M-ABsI] x € fo(MF)
Orpg k° — Kk X :ikpg ch(x) = cf (x) SktagAx:o. MF —> Ax:0.N°
kg MF — N* %1 Fag MF — N7 39 kag 119 — Y°
[M-ABsK] x ¢ fo(M7) [M-Arp]
ZFAGAX:U.MTC—)A)CZO'.NT ZlAZZI-/\GMTHUC—)NTTU
: ] Z1kac M{ > N Zphpg M) < NJ 21hag M{' > N LSy bag M < N7
M-ApD [M-Par]
31 Ay bag M{ + M} < N +NY SIA L ASn A M| Myt S N || NG
Figure 4: Flow Marking (2 5 I1° — Y?)
k is a constant of base type B
[C-Con] B 3 [C-VaRr]
O rpcc kP~ k” : B X:Tkpce cf(x) ~> e (x) i T
r,x:O'}—/\chT’\/)NT:T FI—/\CC}\/IT’\/)NT:T
[C-ABsI] x € fo(M") [C-ABSK] x ¢ fo(M")

TraccAx:o . MP~> Ax:0 . N io—> 1

T1 Face MP ~ NP @ p
[C-Arp

proc—T

T'rpccAx:o. MP~> Ax:0 . N io—> 1

Dkpcc IV ~> YV i 0 v~0o

DAL A ce MPTIY ~» (NP ip=>o—o1) (YWiv=pa0):T

I Face MIT’\/) Nlr i T
[C-ADpD]

> Int

I I—Achff\»NZp:p p > Int

Iy ATz Face M{ + M ~ (N -t = Int) + (N} : p = Int) : Int

7 7 7 T
Ih Face Ml1 ~ Nl1 271 ... T bace My ~ N 1ty

[C-PAR]

0o =M"|...|M>"

DA ATpkace M| oo [ Mg ~> NI | [N s AL ATy

o=T1AN...ATp

Vi.rank(z;) =0

V=p1A...Apn

H":oz/\szlT’:rlﬁp” e | M T = pp

Figure 5: Gradual Intersection Cast Insertion (T Frcc 119 ~ Y? : 0)

matching. In the example, an identity cast arises, since the source
and target types are the same. Inserting casts in argument terms
is not so simple. When type checking, we compare each element
of the domain of the function’s type with the appropriate element
of the type of the argument: Dyn ~ (Int — Int) — Int — Int and
Dyn ~ (Int — Int). Therefore, we add casts in each component
of the parallel term, from its respective type to the type they are
compared with using the ~ relation. In a way, we add a cast from
one sequence type to another, with their elements split between the
components of the parallel term, according to I1° : ¢ =, v. Cast
insertion is type-preserving and monotonic w.r.t. precision [40]:

THEOREM 5.9 (TYPE PRESERVATION OF CAST INSERTION). IfT FrG
I1° : 0 thenT FAcc 19 ~> Y9 : o and T Fpce YO : 0.

Proor. By induction on the length of the derivation tree of
Trag 19 : 0. O

THEOREM 5.10 (MONOTONICITY OF CAST INSERTION). IfI7 Face
07 ~ 07 : 0 and Ty kacc X7 ~ Y3 : vand Y) C I then
Yy CIIJ andv C o.

Proor. By induction on the length of the derivation tree of
I FaCC Hf’\/)ng:O'. m]

6 OPERATIONAL SEMANTICS

We now introduce our operational semantics, adapted from [16],
starting with the definition of normal forms and evaluation con-
texts:

Ground Types G := B|Dyn— Dyn
Values o == kP|Ax:o.M"|0®:G = Dyn|
A S =L =
Results r == o' | wrong®
Parallel Values 7 == (vf1 | ... |o7") | wrong® n21
Evaluation Contexts E == O|EI° |o"E|E+M" |

V'+E|E:t>p

Ground types are used as a bridge when comparing different gradual
types, carrying the information of the type constructor. Besides the
standard normal forms of the A-calculus, we also treat casts as values
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depending on their types. We consider both casts from a ground
type to a Dyn type, and casts from a function type to a different
function type, as values. In our language, wrong” may be a normal
form, but its behaviour is different than those of values: it is pushed
upwards along the syntactic tree. We distinguish between values
and wrong?, and consider both as results. Parallel values are either
parallel terms composed solely of values, or a wrong®. Therefore,
if there’s a wrong” in any component, then it is not considered a
parallel value, since the wrong” still needs to be pushed upwards.
We write E[I1°] for the term obtained by replacing the hole in E
by the term I1°. We employ the call-by-value reduction strategy,
as evidenced by our formulation of evaluation contexts.

Casts must be reduced to their normal form according to the
rules of figure 6. Rules [EC-IpENTITY] and [EC-SUCCEED] corre-
spond to a successful cast reduction, i.e. the run-time check suc-
ceeded. Rules [EC-AprLicaTION], [EC-GROUND] and [EC-EXPAND]
propagate casts through the expression. Rule [EC-APPLICATION]
allows the verification of an application (the definition of =, is
in figure 5), assuming 7 is not a wrong. This is done by wrapping
function casts around the argument and the whole expression, tak-
ing into account contravariance and covariance, respectively. Rules
[EC-GrounD] and [EC-ExpAND] reformulate the types within these
checks, by passing them through ground types. Finally, the failure
of a run-time check is given by rule [EC-FAIL].

We also need reduction rules for lambda expressions. We intro-
duce the gradual operational semantics in figure 8. The counter-
part static operational semantics, written as — , is equivalent
to — acc, except that casts and run-time errors are not included
in the syntax, and both cast handler rules and rules [E-PusH] and
[E-WRoNG] are not defined, as seen in figure 7.

Our calculus’ reduction strategy is call-by-value, i.e. no reduction
inside the body of a lambda abstraction, so only closed terms are
evaluated. Therefore, term variables cannot be swapped, removed
or duplicated, ensuring reduction preserves non-idempotent and
non-commutative intersection types. The purpose of the flow marks
becomes clear in rule [E-BETA]: the contraction of the beta-redex is
performed by replacing each coercion with flow mark i, with the
parallel term component in the ith position:

Definition 6.1 (Projection on Typed Parallel Values). If n° =
Ulpl | ... | v," is a typed parallel value, 0 = p; A ... A py and

pEPLA...NAppthen: (U'fl | ... |vﬁ")'i0 def U'iD" ifpi=p

Flow marking, in figure 4, ensures the types of the coercions
match the types of the component in the parallel term, and so, the
condition p; = p always holds.

During reduction, any wrong? is pushed upwards in the syntac-
tic tree, according to rule [E-WRoNG]. However, when reducing
a parallel term, components which are not yet a result are simul-
taneously reduced one step, via rule [E-PAR]. This means wrong®
can arise in a component, in which case wrong” is pushed out, via
rule [E-PusH], effectively substituting the parallel term. If wrong®
doesn’t arise in any component of a parallel term, then that parallel
term is considered a value.

We show several important properties, including those from [40],
that hold for our operational semantics. We first show our calculus
is a conservative extension of its static counterpart. Therefore, when
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no dynamic types are used, the calculus behaves as a static calculus,
i.e. no type checking is delayed until run-time.

THEOREM 6.2 (CONSERVATIVE EXTENSION OF OPERATIONAL SE-
MANTICS). If I1° is static and o is a static type, then [I° —,
Y° = II° —>ACC Y°.

Proor. By structural induction on evaluation contexts, for both
directions, where the base case is by induction on the length of the
reductions using — » and — ¢ ]

Another fundamental property is that of type safety, which com-
prises the two theorems below.

THEOREM 6.3 (TYPE PRESERVATION). If 0 trcc II° : o and

I1° — pcc YO then O Facc Y° : 0.

Proor. By structural induction on evaluation contexts, where
the base case is by induction on the length of the reduction using
—ACC- o

THEOREM 6.4 (PROGRESS). IfQ +pcc 119 : o then either I1° is a
parallel value or 3Y° such that T1° — \cc Y°.

Proor. By induction on the length of the derivation tree of
0r ACC I1° : 0. m}

Gradual Guarantee is a useful property, as it ensures that evolv-
ing type annotations, from less precise to more precise types and
vice-versa, doesn’t cause unexpected behaviour. In particular, tak-
ing a well-typed program and making its type annotations less
precise, i.e. introducing more dynamic type annotations, doesn’t
change the behaviour of the program, as it still reduces to a value.
On the other hand, making type annotations more precise either
causes the program to evaluate the same, or it might cause a run-
time type error. The proof of Gradual Guarantee is arguably the
most technically challenging proof in this paper, requiring four
lemmas that handle specific cases:

LEMMA 6.5 (EXTRA CAST ON THE LEFT). If 0 Facce vfl LT,
O Frce 052 11, 0272 c v? and 1t C 11 and 13 C 11 then 052 =)

3 3 71
and v Cot.

3 —* ol
ACC "3

Proor. By case analysis on 72 and 73: O

LEMMA 6.6 (CATCHUP TO VALUE ON THE RIGHT). If0 Fprcc 0 i 7
and O +pcc MP : p and MP T oF then MP —7 . v'P and
o’P C ot

Proor. By induction on the length of the derivation tree of
MP C o, o

LEMMA 6.7 (SIMULATION OF FUNCTION APPLICATION). Assume
OrpccAx:0. M o> tand® kace 7° 0,0 Facc V/V7P ¢
v—o pand0 Fpce 7’V tvandv — p C o — 1. If/V7P
Ax : o.M and 7’° C n° then v’V7P g’V —>;‘\CC M'P, M'P
[c7 (x) = (7)1 M7 and 0 Fpcc M'P : p.

C
cC

Proor. By induction on the length of the derivation tree of
v''7PCAx:o. M". m]
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[
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[EC-SucceEeDp]
[

[ 0" : 7= Dyn
[

EC-ExpAND] P’ Dyn= ¢
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if 7¥ # wrong”

if G1 # Gg
iftr#Dynt#Gandr~G
ift#Dyn,t#Gandr~G

Figure 6: Cast Handler Reduction Rules (II° — o Y9)

forall cf(x) in M*

[E-BETA]

[E-CTx] PGSR [E-PaR]

[TI7] —x E[X7]

(Ax 0. M) 77 —p [ (x) o ()T MT

ks is the sum of k1 and ky

[E-ADpD]
Int Int Int
k™ + kY —a k3
M —a N' oMy — A Ny n>1
T T, T T,
Ml1 | oo | M —A Nl1 | ... N,

Figure 7: Static Operational Semantics (II° —, Y9)

P .
7% # wrong® forall ¢ (x) in M*

E-B
) e M) 2% e 160G o (o) M

ks is the sum of k1 and k;

0 +rcc E[wrong®] : 1

[E-WRONG]
E[wrong®] — acc wrong®

. Ti 7]
=TI A...ATp Ji.r;" = wrong®

[E-ApD] [E-PusH]
Int Int Int n
k" + k" —ace k3t rit| ... |t —acc wrong®
Vi . either Ml.Ti is a result and Ml.ri = Nl.T" or Ml.Ti —ACC Nl.Ti 3i. Ml.Ti is not a result n>1
[E-PAR]
erl | ... | M —>ACCN1T1 | ... | N

Figure 8: Cast Calculus Operational Semantics (II° —  cc Y9)

LEMMA 6.8 (SIMULATION OF UNWRAPPING). Assume O Facc
09T i o > tand 0 Face 70 00, 0 Face VUTP v — p
and® tpace 7’ :vandv - pC o > . Ifo’V 7P C o777
r =06 5 ¢ andn’’ C 1 then v'V"P g’V —cc MP and

,
MPE T (9 10’ =p0): 1= 1.

10 ™

Proor. By induction on the length of the derivation tree of
VTP LT oo 0 o T O
LEMMA 6.9 (SIMULATION OF MORE PRECISE PROGRAMS). For all
Yy C 1Y such that @ -acc 11 : 0 and O Facc X7 2 v, if I — zcc

o v * U v o
117 l‘henY1 —cc X3 andY2 cII7.

Proor. By induction on the length of the derivation tree of
Y7 C 117, followed by case analysis on I1{ — xcc 15, and using
lemmas 6.5, 6.6, 6.7 and 6.8, and theorems 6.3 and 6.4. ]

THEOREM 6.10 (GRADUAL GUARANTEE). For all YV C TI9 such
that O kacc 117 : 0 and O Fpcc YV @ v, and assuming n7 # wrong®
and rj # wrong:

(1) ifTI° —} o 77 then Y’ —7 . 75 and 7wy € 77
if 1° diverges then YV diverges.

7y then either 1% —7 - n7 and 7y € 7,

@) if Y — rcc ™

ACC "2
orl17 —7 .~ wrong®.

5 1 5 o 5 (o3 * lo}
if YV diverges then I17 diverges or I1° —7 . wrong®.

Proor. The proof for part 1 follows by induction on the length
of the reduction sequence using lemma 6.9; for the diverging case,
it follows by simulation (lemma 6.9) on the infinite reduction se-
quence. Part 2 is a corollary of part 1. O

In [9], the reduction of terms is synchronized between com-
ponents of parallel terms since they are equivalent modulo a-
conversion. In our language, one component may have more casts
than another, or be reduced to a wrong” while the other proceeds
reduction. Therefore, each component is independently reduced, as
shown in rule [E-PAR]. We show that, after reduction, components
are all equivalent to each other, under the variant relation »< (defi-
nition 5.2), by showing reduction is confluent modulo ». Similar to
the proof of Gradual Guarantee, the main lemma also depends on
the following four auxiliary lemmas:

LEMMA 6.11 (EXTRA CAST ON THE RiGHT (CONFLUENCY)). If

0 Fprcce v? 2 11, O Face rzfz 1 Ty, ufl [ rzr2 then rzfz =

T T T
3 — >ando]' »ar,’.

N
acc T3 3
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Proor. We divide this proof into 2 parts: either r,* = wrong™;
T2 - T2 . .
or r,” is a value v,’, in which case we proceed by case analysis on

T2 and 73. O

LEMMA 6.12 (CATCHUP TO VALUE ON THE LEFT (CONFLUENCY)). If
0 Facc v" i Tand® Fpcc NP @ p ando® v« NP then NP —7 . 1P
ando® »arP.

Proor. By induction on the length of the derivation tree of
0% b4 NP, ]

LEMMA 6.13 (SIMULATION OF FUNCTION APPLICATION (CONFLU-
ENCY)). Assume® rpcc Ax : 0. M* : 0 = tand 0 Fpcc 7° : o,
0 Facc 0P7P tv > pand O Fpace 70 s v IfAx o M7 b
o'7P and x% »a 7' then v"V7F 'V —7 (- M'P and [cf/ (x) >

(n%)F] MT e M.

Proor. By induction on the length of the derivation tree of
Ax 0. MT pa0/V7P, i

LEMMA 6.14 (SIMULATION OF UNWRAPPING (CONFLUENCY)). As-
sume® Facc v’ " i > tand O bpace 1% 1 0’, 0 bacc VVTP
vopand®rpce 7’V 0. Ifv" 7T o s> T 0) >l

’
MP andv®" (n° : 0’ =,

v—p

o’ n rw—p _rv ®
and ></7r thenv "’ —7 e
0): 7= 1 > MP.

Proor. By induction on the length of the derivation tree of

7T oo 1= 0 — 1 ea/V7P, O

LEMMA 6.15 (SIMULATION OF VARIANT PROGRAMS). For all 17 »<
Y7 such that O Fhcc 1§ : 0 and O acc 17 = v, if TI] —pcc 1T
then there exists a Y} such that Y} —7 . Y3 and 1§ »< Y.

Proor. Proof by induction on the length of the derivation tree
of II{ »« Y7 followed by case analysis on II{ — xcc 115, and using
lemmas 6.11, 6.12, 6.13 and 6.14, and theorems 6.3 and 6.4. O

THEOREM 6.16 (CONFLUENCY OF OPERATIONAL SEMANTICS). For

all TI° v« YV such that O rpcc T1° : 0 and O Fpace YV : v, and
assuming rry # wrong®, if11% —7 - 7 then YV —7 - 77 and
my vy

Proor. By induction on the length of the reduction sequence
using lemma 6.15. o

Example 6.17. Finishing the example presented in subsections
4.2 and 5.2, we start with the compiled expression:

((Ax : Dyn A Dyn . (c?yn(x) : Dyn = Dyn?)

D
(c, " (x) : Dyn = Dyn))
: Dyn A Dyn — Dyn = Dyn A Dyn — Dyn)

((Ay: 1%, c{z(y)) :I* = Dyn| (Az: Int. c{”t(z)) : 1 = Dyn)
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First, we get rid of the identity casts of the function with rule [EC-
IDENTITY], and then we expand the casts of the arguments via rule
[EC-GrounbD].

((Ax : Dyn A Dyn . (chyn(x) :Dyn= Dynz)
(c?y”(x) : Dyn = Dyn))

((Ay: 12 c{z(y)) :I* = Dyn? : Dyn’ = Dyn|

(Az : Int . c{”t(z)) :I2 = Dyn? : Dyn? = Dyn)

Since both function and arguments are values, we can proceed by
p-reduction, [E-BETA]. Placing the arguments into the body of the
function leads to new casts, which are then reduced with rules
[EC-Succeep] and [EC-IDENTITY].

2
((Ay: 1% .cF () : 1* = Dyn?)
((Az:Int . cI"(2)) : I* = Dyn® : Dyn® = Dyn)

By rule [EC-APpPLICATION], the cast in the function is wrapped
around the argument and the application. This leads to new casts
that must be reduced until a value is reached, via [EC-ExPAND] and
[EC-SucceEDp].

2
((Ay: I* . ¢} (y))
((Az:Int . cM(2)) : I? = Dyn® : Dyn® = 1%)) : I = Dyn

Finally, we apply the f-reduction rule [E-BETA], and then normalize
the casts with rule [EC-GROUND].

(Az : Int . c{m(z)) = Dyn2 :
Dyn2 > P Dyn2 : Dyn2 = Dyn

7 CONCLUSION AND FUTURE WORK

In this paper we present a new gradual intersection typed calculus,
where dynamic annotations delay type-checking until the evalua-
tion phase. We are now working on a type inference algorithm to
automatically infer the static type information used in our calculus.
We plan to accomplish this by drawing inspiration from [26] and
our previous work in [5]. We also want to enhance the language
with blame tracking [2], a feature we have so far disregarded.
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A Typed Lambda Calculus with Gradual Intersection Types

A PROOFS (TYPE SYSTEM)

In this section we present the full proofs for all the properties in
section 4:

e Lemma 4.13 (Inversion Lemma) in A;

e Theorem 4.14 (Conservative Extension of Operational Se-
mantics) in A;

e Theorem 4.15 (Monotonicity w.r.t. Precision) in A.

PROPOSITION 4.6 (MONOTONICITY OF I} A I W.R.T. PRECISION).
IfT{ C Ty andT) ET; thenT{ AT CT1 ATy,

Proor. For all x : 0 € Iy A Iy, there are 3 possibilities:

e x:0p €I and x : o3 € Iy. Since I} £ T} and I) C I then
by definition 4.4, x : v; € I] and v € o1, and x : vz € T; and
vy C o09. By definition 4.3, we have that v; A v2 E o1 A 03.
By definition 3.4, we have that x : v; Avz € I] AT, and
x: 01 Aoy €Ty ATy, Therefore, I] AT; C Ty AT,

e x:01 €T1and -307 . x : 02 € Tp. Since I] E Ty and T) C Tz
then by definition 4.4, x : v; € Fl’ and v; C 01, and =3Jvy . x :
vy € Fz’. By definition 3.4, we have that x : v; € 1"1' A FZ’, and
x : 01 € Il A Iy. Therefore, Fl’ A FZ’ ChAT.

e -Jdoy .x:01 €Tyandx: 0y € 3. Since [ E Ty and T, C I
then by definition 4.4, =3v; . x : v; € I}, and x : vz € T and
vy £ 0y. By definition 3.4, we have that x : v € 1"1’ A 1"2’ ,and
x : 02 € Ty ATy, Therefore, I AT) C Ty A L.

O

ProPOSITION A.l. IfT,x : 4y A ... ATy baog 119 : 0, and x €
fo(I19), then the number of free occurrences of x in I1° equals n
(the number of instances bound to x inT,x : 71 A ... A 1), and
these occurrences are typed with 11, . . ., T, (instances bound to x in
T,x:71 A... A1), considering an order from left to right.

Proor. We proceed by induction on I1°.

Base case:
o II° = kB, According to rule [T-Con], we have 0 F g kB : B,
which is vacuously true.
e 19 = cf(x). According to rule [T-VAR], we have that x :
ThaG ¢ (x) 1 T
Induction step:
eN =Jy:v. NP UL, x: 11 A... ATy Fag Ay : v . NP :
v — p’, then by rule [T-ABsI] (resp. [T-ABsK]), we have
that I, x : v Fag NP : p/ (resp. T,x :
1A ... ATy FAG N p’). By the induction hypothesis,
we have that the number of free occurrences of x in N”’
equals n, and these occurrences are typed with 71, ..., 7y,
considering an order from left to right. Therefore, the same
holds for T,x : Ty A ... ATn Fag Ay :v. NP 10— p’.
o 119 = NP IV . IfTy ATy, x : TiA. . ATy bpg NP TIV : p, then
by rule [T-App], we have that T] g NP p' p'>v—>p,

TIN... NTp,Y :

NN ¥ : v and v/ ~ v, where Ty A2, x & 7 A ATy =
I AT;. Therefore, by the induction hypothesis, and definition
3.4, the number of free occurrences of x in N*’ (resp. ')
equals the number of instances bound to x in I] (resp. I}),
and these occurrences are typed with the instances bound
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to x in T} (resp. I;), considering an order from left to right.
By definition 3.4 and rule [T-App], the same property holds
forTi A, x:p AL ATy FAG Np, Hv/ L p.

o II% = NI+ NL.HTy AT x : i AL ATy bpg NT+NY < Int,
then by rule [T-App], we have that I} +rg N7 : 7, 7> Int,
L, FaG N; :pand p>Int, where Ty A, x iy A .. ATy =
Fl’ /\1"2'. Therefore, by the induction hypothesis, and definition
3.4, the number of free occurrences of x in N (resp. Nf)
equals the number of instances bound to x in I (resp. I),
and these occurrences are typed with the instances bound
to x in I} (resp. I;), considering an order from left to right.
By definition 3.4 and rule [T-ApD], the same property holds
for Ty ATo, X : 71 A... Ap Fag NT +NJ : Int.

o IO =M | LI MP"HTI A AT X T AL ATh FAG
Mlp1 | ... | MP™ : py A ... A pn, then by rule [T-PAR], we
have that Fl’ FAG Mfl :prand...and I}, Fag M,’,)" : Pn,
where Ty AL ATy, x : 11 AL ATy = T A... AT, Therefore,
by the induction hypothesis, and definition 3.4, the number
of free occurrences of x in Mfl and ... and MY" equals the
number of instances bound to x in I} and ... and I};, and
these occurrences are typed with the instances bound to x in
I} and ... and T, considering an order from left to right. By
definition 3.4 and rule [T-PAR], the same property holds for
DA AL X : TIA. ATy FAG Mfl | ... |M,€" :P1IA. . Apn.

O

PROPOSITION 4.9. IfT Fpag Ax : 1A AT . MP Ty A ATy —
p, and x € fo(MP), then the number of free occurrences of x in MP
equals n, and these occurrences are typed with 11, . .., T, considering
an order from left to right.

PrOOF. T Fpg Ax i1 AL ATy . MP iy A... ATy — p, then
by rule [T-ABsl], we have that T, x : 7y A...ATp Fag MP : Ty AL A
Tn — p. By proposition A.1, we have that for I', x : 71 A... ATy FaG
MP : p, the property holds. By rule [T-ABsI], the property holds for
TragAX iAo AT MP iy AL AT — p. O

LEMMA 4.13 (INVERSION LEMMA).

(1) Rule [T-CoN].If® +pG kB : B then k is a constant of base type
B.

(2) Rule [T-VAR]. We have that x : T kG ¢} (x) : T holds.

(3) Rule [T-ABsI]. Assuming x € fo(M?), ifT Fapg Ax : 0. M7 :
o> rtthenl,x:0krpg M" : 7.

(4) Rule [T-ABsK]. Assuming x & fo(M"), ifT bpg Ax: 0. M :
o — tthenT kFpg MT : 7.

(5) Rule [T-App]. IfT Fpg MP II" : 1 then typing context T can be
divided intoTy andTy such thatTi ATy =T andTy Fpg MP : p,
pro—-r, kg :vandv ~ 0.

(6) Rule [T-ApD]. If T Fag M" + NP : Int then typing context
T can be divided into Ty and Iy such thatTy ATy =T and
Ih Fag M® : T and > Int and Tz koG NP : p and p > Int.

(7) Rule [T-PAR]. If T FpG MlT1 | ... | M i1y A... ATy then
typing context T’ can be divided into Ty, ..., T}, such that Ty A
. ATy =T andl] Frg er‘ cryand. .. andTy Fag ME" 2 1y
and > (Mfl, oL M.

Proor. Proof is trivial. m]
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THEOREM 4.14 (CONSERVATIVE EXTENSION OF TYPE SYSTEM). If
I1° is static and o is a static type, thenT FA II° : 0 &= T kpg
I° : o.

Proor. We proceed by induction on the length of the derivation
tree of T Fp 19 : g and T kg 19 : o for the right and left direction
of the implication, respectively.

Base cases:

e Rule [T-Con]:

— If O o kB : B then by rule [T-Con] we have that k is a
constant of base type B. Therefore, by rule [T-Con], we
have that @ Frg kB : B holds.

- If O Fpg kB : B then by rule [T-Con] we have that k is a
constant of base type B. Therefore, by rule [T-Con], we
have that 0 r» kB : B holds.

e Rule [T-VaR]. Bothx : 7 kp ¢f (x) s rand x : Thpg €] (x) : T
hold.

Induction step:

e Rule [T-ABsI]:

- IfT ko Ax : 0. MT : 0 — 1 then by rule [T-ABsI] we
have thatI',x : 0 ko M" : 7 and x € fo(M") hold. By the
induction hypothesis, we have that I, x : 0 Fag MT : T
holds. By rule [T-ABsI], we then have that T’ F g Ax :
o.M : 0 — 7 holds.

- IfT kpg Ax : 0. M" : 0 — tr then by rule [T-ABsl] we
have that I',x : 0 Fog M? : 7 and x € fo(M") hold. By
the induction hypothesis, we have that T, x : 0 ko M7 : T
holds. By rule [T-ABsI], we then have that I' Fo Ax :
o.M": 0 — tholds.

e Rule [T-ABsK]:

— IfT ko Ax : 0. M" : 0 — 7 then by rule [T-ABsK] we have
that T Fpo M" : 7 and x ¢ fo(M®) hold. By the induction
hypothesis, we have that I' g M" : 7 holds. By rule
[T-ABsK], we then have thatT Fpg Ax : 0 . MT : 0 > T
holds.

— IfT kpg Ax : 0. MT : 0 — 1 then by rule [T-ABsK] we
have thatT',x : 0 Fpg M* : rand x ¢ fo(M7) hold. By the
induction hypothesis, we have that I' Fo M” : 7 holds. By
rule [T-ABsK], we then have thatT tA Ax : 0. M : 0 > T
holds.

e Rule [T-Arp]:

- IfT4 ATz kAo MP77T19 : 7 then by rule [T-Aprp] we have
thatTy kA M°7 : 0 — tand I 5 119 : o hold. By the
induction hypothesis, we have that Iy Fxg M° 7T :0 —> 1
and I koG 19 : o hold. As 0 — 7> 0 — 7 holds, and
also as 0 ~ o holds, then by rule [T-App] we have that
Ty ATy Fag MPTII° : 7 holds.

- IfT3 ATy Fpg MP TIY : 7 then by rule [T-Aprp] we have
that Ty Fag MP : p,p> o — 7,1 Fpg IIY : v and
v ~ o hold. Since p is a static type, then p = o0 — 7. Also,
since both ¢ and v are static types, then ¢ = v. By the
induction hypothesis, we have that I} kA M° ™7 10 —> 1
and I} Fo 119 : o holds. By rule [T-Arp], we have that
TN ATy Fp MP7T 119 : 7 holds.

e Rule [T-ADpD]:
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—IfTy ATy o M™ 4 NIt ¢ Int then by rule [T-App] we
have that Ty o M : Int and T, Fo N™ : Int hold. By
the induction hypothesis, we have that Ty Fng M™ : Int
and I Fog NI . Int hold. As Int > Int holds, then by rule
[T-ADD] we have that I} A Ty Fag M™ + Nt Int holds.

- IfI1 ATy Fag M™ + NP : Int then by rule [T-Apr] we have
thatTy Fag M : 7, 7> Int, Iy Fog NP : p and p> Int hold.
Since both 7 and p are static types, then 7 = Int and p = Int.
By the induction hypothesis, we have that Ty F, M™ : Int
and Iy o N™ : Int holds. By rule [T-App], we have that
Iy ATy bp M+ NI It holds.

e Rule [T-Par]:

DA AT kA M| ... [ Mg i 71 A ... A T, then
by rule [T-PAR] we have that I Fx MlT ':rand...and
Ty ba My @ 1y and >« (M, ..., M), By the induction
hypothesis, we have that 7 Fag le1 : 7y and ... and
Ty FaG My" : 1. Then, by rule [T-PAR], we have that
DA AT A M | My sTi A ATy,

U A AT kag M| ... | Mg" : 71 A ... A Ty then
by rule [T-PAR] we have that I'1 Frg MIT :ryand...and
Ty Fag ME" 2 1y and s« (M, ..., M"). By the induction
hypothesis, we have that I'1 Fp MIT1
Iy o My" : 7. Then, by rule [T-PAR], we have that
DA AT A M| [ My s T A ATy

: 77 and ... and

[m]

THEOREM 4.15 (MONOTONICITY W.R.T. PRECISION). IfT Fpg II° :
o and YV C I19 then 3T such thatT’ T T and T’ Fpg YV : v and
vEo.

Proor. We proceed by induction on the length of the derivation
tree of T kpg I1° : 0.

Base cases:

e Rule [T-Con]. If @ Frg kB : B and kB C kB then, we have
that 0 Fag kB : Band BC B.
e Rule [T-VAR]. If x : 7 )G ¢} (x) : 7 and cf (x) E ¢} (x) then
by rule [P-Con], we have that p C 7. By rule [T-VAR], we
have that x : p Fpg c'ia(x) :pandpC 7.
Induction step:

e Rule [T-ABSI. If T tpg Ax : 0. M* : ¢ — 7 and Ax :
v.NP C Ax : 0. M", then by rule [T-ABsI], we have that
I,x:0rpg M : 7 and by rule [P-ABs], we have thatv C ¢
and NP C M". By the induction hypothesis, I, x : v such
thatTI/,x :vC ,x:cand [/, x :vkpg NP : pand p C 7.
Therefore, by rule [T-ABsI], we have thatI” Fyg Ax : v. N” :
v — p and by definition 4.3, we have thatv - pC o — 7.

e Rule [T-ABSK]. If T kpg Ax : 0. M" : ¢ — rand Ax :
v.NP C Ax : o . M7, then by rule [T-ABsK], we have that
I' FAog M® : 7 and by rule [P-ABs], we have that v C ¢ and
NP C MT. By the induction hypothesis, 3T’ such that " T T
andI” koG NP : p and p C 7. Therefore, by rule [T-ABsK],
we have that I’ kg Ax : v. NP : v > p and by definition
4.3, we have thatv - pE o — 1.

e Rule [T-App]. If [ AT, bpg MP IIV : rand NP YV © MP IV
then by rule [T-Aprr], we have that Ty g MP : p, p>o — T,
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I3 oG IIY : v and v ~ o, and by rule [P-Aprp], we have that
NP' T MP and YV C II”. By the induction hypothesis, ary
such that I] C Ty and I} Fpg NP :p’ and p’/ C p, and ar;
such that T) C Tz and T kpG YV : v and v’ C v. Since
p>o — rand p’ C p, then by definition 4.2, we have that
p>0 - 1,0’ Toand7 C 7.Sinceo ~v,0’' C o
and v’ C v, then by definition 4.1 we have that v’ ~ ¢’. By
proposition 4.6, I] AT, C It ATy. Therefore, by rule [T-Arp]
we have that T AT, Fag NP YV g
o Rule [T-ApD]. If [y ATy koG M'+M;? : Intand N' +N2* ©
MIT1 +M2T2 then by rule [T-ApD], we have that I} Fag erl 111,
> Int, Iy Fprg MZTz : 7o and 13 > Int, and by rule [P-ApD],
we have that Nfl C le1 and NZ'D2 C M;Z. By the induction
hypothesis, 3T} such that T C Ty and I] koG NP : pg and
p1 E 71, and 3T, such that T) C Tz and T, koG NP2 : py and
p2 E 12. By definition 4.2 and 4.3, we have that p; > Int and
p2 > Int. By proposition 4.6, T/ AT, £ Ty A Tz. Therefore, by
rule [T-App] we have that T] A T) FaG Nfl + N;Z : Int.
e Rule [T-PAR].IFTY A. . ATy bag M | ... [ Mp" s 1AL ATy
anlep1 |...|N"C M| ... | My" then by rule [T-Par]
we have that I} +,g MlT1 srpand...and Ty Fag My : 1y
and by rule [P-PAR] we have that Nf 'C Mf "and ... and
NP" © Mp". By the induction hypothesis, 31} such that
I CTyand I} Fpg Nfl :p1and p; C g, and ... and 3T},
such that T, C T, and T}, Fag N5 : p, and p, T 7. By
proposition 4.6, ] A ... AT, CT1 A ... A Ty. Then, by rule
[T-PAR] we have that I A ... AT bag NJ'| ... | Np™ -
P1A...App,and by definition 4.3 we have that p1 A.. . Ap, E
1IN ...\ Ty

]
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Induction step:

e Rule [T-ABSI]. If T Fpg Ax : 0. M" : ¢ — r then by rule
[T-ABsl], we have that I, x : 0 Fag M? : T and x € fo(MF).
By the induction hypothesis, we have that 3, (x : ), Fag
M® — NP andT,x : 0 Fpg N7 : 7 hold. By rule [M-AssI],
we have that ¥ Fyg Ax : 0. M¥ = Ax : 0. N7, and by rule
[T-ABsI], we have thatT g Ax : 0. N* : 0 > 7.

e Rule [T-ABSK]. If T Fpg Ax : 0. M* : ¢ — 7 then by rule
[T-ABsK], we have that T Fyg M” : 7 and x ¢ fo(MT). By
the induction hypothesis, we have that ¥ r\g M? — N7
and T Fpg N7 : 7 hold. By rule [M-ABsK], we have that
S kA Ax 0. M > Ax : 0. N7, and by rule [T-ABsK], we
have thatT Fag Ax: 0. NT : 0 > 1.

e Rule [T-Apr]. If I A I} Fpog MP II : 7 then by rule [T-Arp]
we have that I} Fp\g MP : p,p>o — 1,10 Fag ITV : v
and v ~ o hold. By the induction hypothesis we have that
%1 kag MP = NP and 3}, Fag TIV < Y'Y hold, and also
that Ty Fag NP : pand I Fpog Y'Y : v hold.

According to the induction hypothesis, we have that I} —
Y1and [y — Z;. Therefore, for each variable x in both I'; and
I, wehavethatx : IA...An € Z1andx : 1A...Am € Zé.We
can have a flow context S, where 3o\ {x : i1} = 2\ {x is},
for some i1 and iy, suchthatx : n+1A...An+m € 3.
Therefore, we have that 3y Fag IV <> YY and I, Fag YV v
hold.

By rule [M-Appr] we then have that 31 A 33 Frg MP IV —
NP Y? holds. By rule [T-App] we then have that I} AT} Fpg
NP YV : 7 holds.

e Rule [T-App]. If Iy AT Fag MT + MY : Int then by rule
[T-App] we have that Ty kag M7 : 7, 7> Int, I3 kG Mg ip

B PROOFS (CAST CALCULUS) and p > Int hold. By the induction hypothesis, we have that

T T ’ P p
In this section we present the full proofs for all the properties in 21 kaG M{ = Ny and 3 bag ]}42 = N, hold, and also
section 5: thatT1 Fag NY :tand Iz koG sz : p hold.

e Theorem 5.6 (Type Preservation of Flow Marking) in B;
e Theorem 5.7 (Monotonicity of Flow Marking) in B;

e Theorem 5.9 (Type Preservation of Cast Insertion) in B;
e Theorem 5.10 (Monotonicity of Cast Insertion) in B.

According to the induction hypothesis, we have that I} —
Y1and [} — Z;. Therefore, for each variable x in both I'; and
I, wehavethatx : 1A...An € Zyandx : 1A...Am € 27 We
can have a flow context %, where 3o\ {x : i1} = 2\ {x : iz},
THEOREM 5.6 (TYPE PRESERVATION OF FLOW MARKING). IfT Frg
I1° : o then X oG 119 <> Y andT rpg YO : o, wherel <— 3.

for some ij and iz, such thatx : n+ 1A ... An+m € 3,
Therefore, we have that X9 Fpg ITY <> YV and I Fag YV : v

Proor. This property is easy to verify, since flow marks play no hold.

role in type checking, and changing flow marks does not change
types. We proceed by induction on the length of the derivation tree
of T kpg 19 : 0.

By rule [M-App] we then have that 31 A 23 Fag M +
sz — NI + sz holds. By rule [T-ADD] we then have that
I; ATy Fag NT + Nj holds.
Base cases: e Rule [T-PAR].IfT1 A... AT} FpG Mfl | IM T AL AT,
e Rule [T-Con]. By rule [T-Con], we have that @ g kB : B then by rule [T-PAar] we have that I} Frg MIT ':rand...
holds. By rule [M-Con], we have that @ g kB < kB holds. and Ty, FaGg My" : 7, hold. By the induction hypothesis, we
By rule [T-Con] we have that @ g kB : B holds. have that %1 Fpg M{" < N[ and T} Fag N{* : 7y and ...
e Rule [T-Var]. By rule [T-VAR], we have that x : 7 kpG ¢f (%) : and X}, Fag ME* < N7 and Ty, Fag N/ : 1 hold.
7 holds. By rule [M-VAR], we have that x : i kg ¢f(x) ~
¢ (x) holds. By rule [T-VAR], we have that x : 7 kG cf (x) : T We now use the same method to obtain 3 from ¥} and
holds. ...and £, from 2, and NZT2 from NZIT2 and ... and N
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from N;™. Therefore, we have that 33 kg M;Z — NZT2
and I Fpg NZT2 :rpand...and =, Fag My* < Ni* and
Ty Fag Ny & 7y, hold.

By rule [M-PaRr] we then have that 31 A ... A 2 Fag

MIT1 | ..M — NIT1 | ... | N;* holds, and by rule [T-PaR]
we have that Ty A ... AT}, Fpg NIT1 | ... INf" o AL ATy,
holds.

O

THEOREM 5.7 (MONOTONICITY OF FLOW MARKING). If 21 FaGg
I — 00§ and 33 kag 1{ = Y} and Y7 CTI] then Y CTI7.

Proor. This property is easy to verify since we mark coer-
cions in the same position in the term with the same flow marks.
We proceed by induction on the length of the derivation tree of
21 FAG H‘f — Hg.

Base cases:

e Rule [M-CON].If 0 kg kB <> kB and 0 +rg kB < kB and
kB C kB then kB C k5.

e Rule [M-VaRr].If cop (%) € ¢f(x), then we have that cop (x) and
¢g (x) are in the same position in the expression. Since flow
marking inserts flow marks according to the position in the
expression, then cop (x) and ¢ (x) will have the same flow
mark. If x : i g ¢f(x) = cf(x) and x : i Fag cg(x) —
cip (x) and cop (%) T cf (x) then by rule [P-VAR] we have that
p C 7. Therefore, we have that cip (%) C cf(x).

Induction step:

e Rule [M-ABSI]. If 31 kpg Ax : 0. M" — Ax : 6. M'" and
Yo bpg AXx 0. NP > Ax :v.NPand Ax : v. NP C
Ax : o . MT then by rule [M-ABsI] we have that Xj, (x :
0)s Fag MT — M'T and 3, (x : V) Fpg NP — N’P.
By rule [P-ABs], we have that N° € M” and v C o. By the
induction hypothesis, we have that N'? £ M’?. Therefore,
by rule [P-ABs], we have that Ax : v . N’ C Ax : 0. M'".

e Rule [M-ABsK].If 31 kg Ax: 0. MT < Ax : 0. M'T and
Sobpg Ax:v. NP > Ax:v.NPand Ax :v. NP C Ax :
o . M” then by rule [M-ABsK] we have that 31 Fng M* —
M’" and 33 g NP < N’P. By rule [P-ABs], we have that
NP E M” and v T 0. By the induction hypothesis, we have
that N’? C M’". Therefore, by rule [P-ABs], we have that
A:v.NPEAx:0.M".

e Rule [M-APP]. If %1 A 33 Fag MP TV <> NP YV and | A
Zé FAG M/p’ Hlv' [N N/p’ Y/v’ and M/p’ H/u’ C MP IV
then by rule [M-App] we have that 31 g MP < N” and
22 Fag IV & YV, and B krg M"P" <5 NP and 3, Fag
mY — Y, By rule [P-App], we have that MP T MP
and I’ C TI”. By the induction hypothesis, we have that
N’ © NP and YV C Y. By rule [P-Arpr], we have that
NP YV £ NP YV

e Rule [M-ADD]. If 1 A 53 Fag MT + M) <> NT + N and
S AS) kag MT + MY s N7 4 NP and M7 + M) €
M7 +M‘20 then by rule [M-App] we have that 31 + g M] —
N7 and 35 +hg M) — Nf,and 3/ o M7 < NJ¥
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and 2, FpG Mép — szp . By rule [P-ADpD], we have that
M{T' C M{ and Mép c Mé’ By t,he induction hypothesis,
we have that Nl’T/ C Ny and NZIP c N:f. By rule [P-ApD],
we have that NI'T/ + ng E N[+ sz.

o Rule [M-PARL. If 21 A ... A By bag MI' | .. | M
NIU| N and B AL AS) Fag ML M
NP INP and ML M e ML | M

then by rule [M-PAR] we have that %1 Frg M]" < N/
and ... and ¥, Fpg M" — N7, and ¥ FAG M{pl —
Nllp1 and ... and 3}, Frg M," < N;/". By rules [P-
PAR], we have that M;'Dl C M and ... and M e M.
By the induction hypothesis, we have that Nl/p C NIT !
and ... and N,”* © N/". By rule [P-Par], we have that

NP LI N E NP | .| Ni* and by definition 4.3,
wehavethat pt A...App E Ty AL ATy
O

THEOREM 5.9 (TYPE PRESERVATION OF CAST INSERTION). IfT FaG
I1° : o thenT Fpcc TI° ~> Y9 : g andT Fpcc YO : o

ProoF. We proceed by induction on the length of the derivation
tree of T +pg 11 : 0.

Base cases:

e Rule [T-Con]. If @ Frg kB : B then by rule [T-Con] we have
that k is a constant of base type B. Then, by rule [C-CoN], we
have that 0 + cc kB ~ kB : B holds and by rule [T-Con]
we have that 0 Fxcc kB : B holds.

e Rule [T-VAR]. By rule [T-VAR], we have that x : 7 kpG ¢] () :
7 holds. By rule [C-VAR], we have that x : 7 kpcc €] (x) ~
c¢f(x) : 7 holds. By rule [T-Var], we have that x : 7 kcc
¢l (x) : 7 holds.

Induction step:

e Rule [T-ABSI]. If T koG Ax : 0. M* : 0 — 7 then by rule [T-
Agsl] we have that I',x : 0 Fpg M* : 7 and x € fo(MT). By
the induction hypothesis, we have that T', x : 0 Facc M? ~»
N7 :7randT,x : 0 Face N7 : 7 hold. By rule [C-ABsI], we
then have thatT Fpcc Ax 10 . M" ~»> Ax:0.N" 10 > 1T
holds, and by rule [T-ABsI], we then have that I’ Fycc Ax :
c.N':0—> 1.

Rule [T-ABSK]. If T Fpg Ax : 0. M? : 0 — r then by rule
[T-ABsK] we have thatT' Fag M" : Tand x ¢ fo(M"). By the
induction hypothesis, we have that I' F\cc M ~ N% : r
andT +Focc N7 : rhold. By rule [C-ABsK], we then have that
Trrce Ax i 0. MF ~ Ax : 0. N7 : 0 — rholds, and by rule
[T-ABsK], we then have thatT Fycc Ax : 0. N* : 0 > 1.
Rule [T-App]. If T} ATy Fpog MP II : 7 then by rule [T-Arp]
we have that I} Fp\g MP : p,p>o - 1,10 Fag TIV : v
and v ~ o hold. By the induction hypothesis we have that
Ih Face MP ~»> NP : P and I FaccC ITY ~ YV : v hold, and
also that I Face NP : pand Iy Face YY : v hold. By rule
[C-Arr] we then have that T} A I3 Face MP TIY ~ (NP :
p=0—>71) (YY:v=, 0): rholds. By rule [T-CasT] we
have that I} Fycc (NP : p = 0 — 1) : 0 — 7 holds, and
also that I; Facc (YY : v =4 0) : 0 holds. By rule [T-App]
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we then have that I}y ATy Face (NP :p = 0 > 1) (1Y :
v =4 0) : T holds.

e Rule [T-ApD]. If T1 A T2 Fag M] + sz : Int then by rule
[T-App] we have that Iy Fag M7 : 7, 7> Int, I3 kG M; i p
and p > Int hold. By the induction hypothesis, we have that
Iy Face MT ~> NT : rand Ty Face M3 ~> NB - phold, and
also that I Facc N : 7and Iz Facc sz : p hold. By rule
[C-ADD] we then have that Iy A Tz Facc MT + M} ~» (NT :
= Int) + (sz : p = Int) : Int holds. By rule [T-Cast] we
have that I Facc (N : = Int) : Int holds, and also that
Iy Face (sz : p = Int) : Int holds. By rule [T-App] we
then have that Ty ATz Face (NY : 7 = Int) + (NéD p =
Int) : Int holds.

e Rule [T-PAR].IfT1 A... AT, Fpg erl | . IMY T AL AT
then by rule [T-PAR] we have that I} Frg MlT ':7rand...
and Ty, Fag My" : 7y, hold. By the induction hypothesis, we
have that Ty Frcc MIT1 ~ NIT1 : 11 and I Face N1T1 s
and ...and T, Facc MY ~ Ni* ity and Ty Face Ni7os oy,
hold. By rule [C-PAR] we then have that 1 A ... AT, Face
MIT1 | oo | M~ N1T1 | ... |Ng®:11... A1y holds, and by
rule [T-PAR] we have that [} A... AT, Facce N1T1 | ... N
71 A ... A 1 holds.

O

THEOREM 5.10 (MONOTONICITY OF CAST INSERTION). IfT7 Face
07 ~ M : o and Ty Fpacc X} ~ Y3 : v and Y{ C TIJ then
Y) CIIY andv C o

Proor. We proceed by induction on the length of the derivation
tree of I Fpcc 119 ~ T1IT : 0.

Base cases:

e Rule [C-CoN]. If @ Frcc kB ~ kB : Band 0 kpcc kB ~
kB : Band kB C kB then kB C kB and BC B.

e Rule [C-VAR]. If x : T Face ¢ (x) ~ cf(x)
P FacC cf(x) ~ cf(x) : p and cf(x) C cf(x) then by
rule [P-VAR] we have that p C 7. Therefore, we have that
cf (x)Ccf(x)andp Cr.

: rand x :

Induction step:

e Rule [C-ABSI. If T} Fpcc Ax : 0. M® ~ Ax : 0. M7 :
oc—-rtand Iy Fpcc Ax :v. NP ~ Ax :v. NP :v > p
and Ax : v. NP C Ax : o . M" then by rule [C-ABsI] we
have that I';,x : 0 Facec MT ~ M'T : tand I, x : v Face
NP ~» N’P : p. By rule [P-ABs], we have that N» T M"
and v C ¢. By the induction hypothesis, we have that NP C
M'T and p C 7. Therefore, by rule [P-ABs], we have that
Ax :v.N’P C Ax : 0. M'". By definition 4.3, we have that
v—o>pLo—orT

e Rule [C-ABSK]. If I} Fpacc Ax : 0. M* ~ Ax : 0. M'" :
oc—rtand [ Fpcec Ax:v. NP~ Ax:v. NP :v — pand
Ax :v.NP E Ax : 0. M” then by rule [C-ABsK] we have that
I1 Face MT ~ M'" i tand Iy Face NP ~> N’P @ p. By rule
[P-ABs], we have that N T M” and v C 0. By the induction
hypothesis, we have that N’? T M’” and p C 7. Therefore,
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by rule [P-ABs], we have that Ax : v. N’ C Ax : 0. M’". By
definition 4.3, we have thatv - pC o — 7.

e Rule [C-ArP]. If Ty ATy Fpcc MPTIY ~ (NP : p = 0 —
7) (Y :v =4 0) :rand I AT} bace MP TV~ (NP
pf =0 - 7) (Y v =4 0) 7 and MP TV T
MP TIY then by rule [C-APP] we have that Iy Facc MP ~»
NP :p,pro— 1,3 Facc IV ~ YV :vand v ~ o, and
I} bace MP' ~o N'P" g/, p o 0" — 7/, T) Fpce TV~
YY" : v/ and v’ ~ ¢’. By rule [P-App], we have that MP
MP and I’V C IIV. By the induction hypothesis, we have
that N2 C N” and Y’ C Y?, and that p’ C p and v/ C v.
By definition 4.3, we have that ¢’ — 7’ C o — t. Therefore,
by rule [P-CasT], we have that (NP i p =0 5 1)C
(NP:p=>o—>71) and (Y7 10/ =, /) C (XY : v =, 0).
By rule [P-Aprp], we have that (NP p=0 5 7) (v
vV =24 ) (NP :p=0—>1) (XY :v =4 0)By
definition 4.3, we have that 7’ C 7.

e Rule [C-ADD]. If T} AT; bpace ME+ M) ~ (NT i 7 =
Int) + (N} :p = Int) : Int and I ATy bace MIT +
M;p ~ (Nl’f' : v = Int) + (Nz'p : p/ = Int) : Int and
M{T' + Mép ' C M + M; then by rule [C-ApD] we have that
I1 Face M{ ~ NJ i 7, 7> Int, Tz Fpcc sz ~ sz : p and
p > Int,and I} Facc M{T/ ~ Nl'Tl 21,7 > Int, Ty Face

M;p ~ NZ"D i p anfi p’>Int. By rule [P-ApD], we have that
M{T' C M{ and Mép c Mg By the induction hypothesis,

we have that Nl’T/ E Ny and Nzlp, C sz, and that 7/ C rand
p’ C p. By definition 4.3, we have that Int C Int. Therefore,
by rule [P-CasT], we have that NI'T’ 7 = ItC N[ 7=
Int and Nzlp, cpf > IntC N; : p = Int. By rule [P-ApD],
we have that (Nl’T/ v = Int) + (Nzlp’ :p’ = Int) T (N} :
T = Int) + (Nf 1 p = Int).

e Rule [C-PARL.IfF Ty A ... ATy Face M{* | ... | My" ~
NIT1 | o INT T AL AT, and I] A ... AT Face
/ /Pn / /Pn
MPL L IMP o NPV INS pr A A
andMIp1 | ... | M C M{" | ... | My" then by rule [C-

PAR] we have that I Facc M[' ~ N/
T Face My ~> Np? « g, and I Face MP' ~ NJP': py
and ...and T} Fprcc M,P" ~> N, : p,. By rules [P-Par],
we have that M;pl c le‘ and ...and M,/ C M. By the
induction hypothesis, we have that Nllp = le "and...and
N,Ilp" E N;"and p; C 71 and ... and p,, C 75,. By rule [P-
PAR], we have thatNllp1 | ... |N,/lp" c Nlr1 | ... | N and
by definition 4.3, we have that p1 A ... App E 71 A ... A Tp.

: 71 and ... and

]

C PROOFS (OPERATIONAL SEMANTICS)

In this section we present the full proofs for all the properties in
section 6:

e Theorem 6.2 (Conservative Extension of Operational Seman-
tics) in C;
e Theorem 6.3 (Type Preservation) in C;
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Theorem 6.4 (Progress) in C;

Lemma 6.9 (Simulation of More Precise Programs) in C;
Theorem 6.10 (Gradual Guarantee) in C;

Lemma 6.15 (Simulation of Variant Programs) in C;

o Theorem 6.16 (Confluency of Operational Semantics) in C.

Klax:o. M
(vfl | ... ]o7") (withn>1)

O|EN° |o"E|E+M" |0 +E

Values v ==

Parallel Values

Evaluation Contexts E

LeEMMA C.1 (CONSERVATIVE EXTENSION OF OPERATIONAL SEMAN-
Tics). IfII° is a static term and o is a static type, then II° —
Y° — II° —>ACC Y°.

Proor. We proceed by induction on the length of the reductions
using —  and — 5¢c for the right and left direction of the im-
plication, respectively.

Base case:

e Rule [E-BETA]. As (Ax : 0. M7) 17 — 5 [} (x) > (29)PT M7
and (Ax : 0. M) 7% —pcc [cf(x) - (n“)f] M7, it is
proven.

o Rule [E-ApD]. As kMt + kIt — \ kIt and kI + kIt — | o0
ké’", it is proven.

Induction step:

e Rule [E-PaR].

- Ifle1 | ... | Mi" —A lel | ... | N;* then by rule [E-
PAR], we have that MIT1 —A Nlr1 and ...and My* —x
N, By the induction hypothesis, we have that Mf ' —ace
N[ and ... and My* — ncc Ny". Therefore, by rule [E-
PAR],Wehavethater1 | ... | M —acc le‘ | ... Ny

- Ifer1 | ... | M —Acc NIT1 | ... | N;* then by rule
[E-PaRr], we have that Vi . either MiTi is a result and Ml.ri =
Nl.Ti or Ml.T1 —ACC Nl.Ti and i . Ml.Ti is not a result. Since
er U] ... | M is a static term, then each term in the
parallel is exactly the same except for type annotations.
Therefore, we have that Mf‘ —AcC le Tand ... and
M;* —s rcc Ni*. By the induction hypothesis, we have
that M| — N;* and...and My" — A Ny". By rule [E-
PaRr], we have that MIT1 | o | M — A lel | ... | N5

O

THEOREM 6.2 (CONSERVATIVE EXTENSION OF OPERATIONAL SE-
MANTICS). If T1° is static and o is a static type, then [I° —\
Yo & II9 —,cc Y°.

Proor. We proceed by structural induction on evaluation con-
texts, for both directions of the implication, and using lemma C.1.

Base case: by lemma C.1.
Induction step:

e Context E I1°.
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- IfEN° — E’ 119, then by rule [E-C1x], we have that
E — E’. By the induction hypothesis, we have that
E — cc E’. By rule [E-Ctx], we have that E I — ¢
E'11°.

- IfETI? — ¢ E’ 119, then by rule [E-Ctx], we have that
E — cc E’. By the induction hypothesis, we have that
E —,cc E’. By rule [E-Ctx], we have that E TI17 — 4
E’'T1°.

e Context v” E.

- Ifo" E —, 0" E’, then by rule [E-Ctx], we have that
E — E’. By the induction hypothesis, we have that
E — cc E’. By rule [E-CTx], we have that o™ E — ¢
o' E.

- Ifo" E —cc 0" E’, then by rule [E-CTx], we have that
E — cc E’. By the induction hypothesis, we have that
E —cc E'. By rule [E-Ctx], we have that o” E —4
o' E.

e Context E + M".

- IfE+ M" —, E’ + M", then by rule [E-CTx], we have
that E —, E’. By the induction hypothesis, we have
that E — ,cc E’. By rule [E-Ctx], we have that E +
MT —>ACC E' +M".

- IfE+M" — scc E’ + M7, then by rule [E-CTx], we have
that E — scc E’. By the induction hypothesis, we have
that E —  E’. By rule [E-Ctx], we have that E+M" —
E +M".

e Context v” + E.

- Ifo" + E —, 0" + E/, then by rule [E-Ctx], we have
that E — » E’. By the induction hypothesis, we have that
E — cc E’.Byrule [E-Ctx], we have that o™ +E — rcc
o' +FE.

- If o" + E — pcc 0" + E/, then by rule [E-Ctx], we have
that E — scc E’. By the induction hypothesis, we have
that E — E’. By rule [E-Ctx], we have that o” +E — 4
o'+ F.

O

LEMMA C.2 (TYPE PRESERVATION). If @ Fpcc II° : o and TI?

—rcc YO then O Fpcc YO : 0.

Proor. We proceed by induction on the length of the reduction
using — acc-

Base cases:

e Rule [EC-IDENTITY]. If @ Fpcc 07 : 7 = 7 : 7 and 07 :
T = 7 —cc 0" then by rule [T-Cast], we have that
O Face o' T

e Rule [EC-AprpLICATION]. If O Fpce (0077 t0 > T =0 —
p)r’ :ipand (0077 10 o T = v > p) ¥ —acC
(e (#¥ : v =4 0)) : T = p, then by rule [T-Appr], we
have that 0 Fpcc 07Tt 0 D T = v > p
and 0 Fpcc 7Y : v. By rule [T-Cast], we have that 0 Frcc
v°" : 0 — 7. By rule [T-PaR] and [T-CasT], we have that
0 racc 7V 1 v =4 o : 0. By rule [T-Arpr] we have that
0 Facc 07T (¥ : v =4 0) : 7. By rule [T-CasT], we have
that @ Face (V07T (7 v =p0)) T = pip.

TV > p
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e Rule [EC-SucceeD]. If @ Facc 0@ : G = Dyn: Dyn = G :
G and v : G = Dyn: Dyn = G — p¢c 0©, then by rule
[T-Cast] we have that @ Frcc o€ : G = Dyn : Dyn. By rule
[T-CasT], we have that 0 Fcc 0© : G.

e Rule [EC-FAIL]. If 0 +pcc v°1 : G = Dyn:Dyn= Gz : G2
and %! : G; = Dyn: Dyn = Gy —> ncc wrongS? then by
rule [T-WRONG], we have that 0 Frcc wrong®? : Gs.

e Rule [EC-GROUND]. If 0 Fpcc v° : 7 = Dyn : Dyn and
0" : 7 = Dyn —acc 07 1 T = G : G = Dyn then we
have that 7 ~ G and by rule [T-CAsT], @ Frcc ©7 : 7. By rule
[T-Cast] we have O Fpcc v7 : 7 = G : G. By rule [T-CasT]
we have that @ Fpcc v" : 7= G : G = Dyn: Dyn.

e Rule [EC-EXPAND]. If 0 +pncc 0PY" : Dyn = 7 : v and 0PV -
Dyn =t —cc oD Dyn = G : G = 1 then we have
that 7 ~ G and by rule [T-Cast], 0 Frcc 0P : Dyn. By rule
[T-Cast] we have that 0 Frxcc 9P : Dyn = G : G. By rule
[T-Cast] we have that @ Facc 0PV :Dyn=G:G=1: 1.

e Rule [E-BETA]. If @ Facc (Ax : 0. M) n° : 7 and (Ax :
o.M") n° —Acc [cf(x) — (7[”)1’.)] M? then [cf(x) —
(ﬁ”)ip] M? is formed by replacing coercions of type p by
terms of type p, according to figure 4 and 6.1, in the term
M? of type 7. Therefore, O Fpcc [cf (x) — (7[‘7)1’.)] M : 1.

e Rule [E-ADD].If0 kpce KM+ Intand kM 4kl — o0
ké’”, by rule [T-Con], we have that 0 - cc ké’” : Int.

e Rule [E-WRONG]. If @ Frcc E[wrong®] : 7 and E[wrong®]
— acc wrong” then, by rule [T-WRONG], 0 Frcc wrong® :

7.
e Rule [E-PusH]. If 0 Facc r1T1 | ... lri" i A... ATy and
rlf1 | ... | ri" —sacc wrong® (with o = 11 A ... A 1) then,

by rule [T-WRONG], O Facc wrong® : 11 A ... A Tp.
Induction step:

e Rule [E-PAR]. If O Fpcc lel | ... | M7y A... ATy and
MIT1 | ... | M —acc NIT1 | ... | N5* then by rule [T-
PAR] we have that 0 +pcc erl :rpand ... and O Face
M : 1,, and by rule [E-PaR], we have that Vi . either
Mif" is a result and Mif" = NiTi or Ml.T1 —AcC NiTi and
3i. Ml.Ti is not a result. For all i such that Mir1 —ACC Nl.Ti,
by the induction hypothesis, we have that @ F cc Nl.r" T
By rule [T-PAR], we have that 0 +xcc Nf1 | ... | N
TIAN...\Tp.

O

THEOREM 6.3 (TYPE PRESERVATION). If 0 +pcc II° : o and
I1° —pcc YO then O Face YO : 0.

Proor. We proceed by structural induction on evaluation con-
texts, and using lemma C.2.

Base case: by lemma C.2.
Induction step:

e Context ETI®. If @ tpcc ETI? : Tand ETI° — ¢ E' TI?
then by rule [T-APP], 0 Facc E: 0 — tand 0 Face 119 -
o, and by rule [E-Ctx], E —>cc E’. By the induction
hypothesis, we have that @ Fycc E’ : ¢ — 7. By rule [T-
Arpr], we have that O Fycc E' 19 : 7.
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e Context v” E. If O +pcc 0" E : p and v" E —pcc 0" E
then by rule [T-ApP], O Frcc o7 : 7, with7 = 0 — p and
0 Facc E : o, and by rule [E-CTx], E —Acc E’. By the
induction hypothesis, we have that @ Frcc E’ : 0. By rule
[T-Arp], we have that @ Frcc 07 E : p.

o Context E+MT.IfQ Fncc E+M™ : Int and E+ M™ —s ¢
E’ + M then by rule [T-ApDp], @ Fpcc E : Int and 0 Frcc
M™t : Int, and by rule [E-CTx], E —sxcc E’. By the in-
duction hypothesis, we have that 0 F cc E’ : Int. By rule
[T-App], we have that 0 Frcc E' + M™ : Int.

e Context o™ + E. If O ke o™ + E : Int and o™ + E — o
ot 4+ E’ then by rule [T-App], 0 Fpcc o™ : Intand 0 F e
E : Int, and by rule [E-Ctx], E — scc E’. By the induction
hypothesis, we have that @ Fcc E’ : Int. By rule [T-ApD],
we have that @ - cc o™ + E : Int.

o ContextE : 7 = p. If 0 bpcc E: 7= p:pandE: 7=
p —acc E' : T = p then by rule [T-Cast], 0 Facc E : 7,
and by rule [E-Ctx], we have that E — ¢ E’. By the
induction hypothesis, we have that @ Frcc E’ : 7. By rule
[T-Cast], we have that @ Facc E' : 7= p : p.

O

THEOREM 6.4 (PROGRESS). IfQ +pcc 119 : o then either I1° is a
parallel value or 3Y° such that TI° — \cc Y°.

Proor. We proceed by induction on the length of the derivation
tree of @ Face 119 : 0.

Base cases:

e Rule [T-CoN].If @ Frcc kB : B then kB is a value.

e Rule [T"WRONG]. If @ +rcc wrong® : o then wrong? is a
parallel value.

Induction step:

e Rule [T-ABSLIfQ Frcc Ax : 0. M" : 0 — tthen Ax : 0. M7
is a value.

e Rule [T'ABSK]. If @ Fpocc Ax : 0. M* : 0 — 7 then Ax :
o . M" is a value.

e Rule [T-ApP]. If @ Fpcc M" 119 : p then by rule [T-Aprp], we
have that O Fpcc M* : 7 and 0 Frcc 19 : 0. By the induc-
tion hypothesis M? is either a value or wrong or INT such
that M* — scc N7, and also by the induction hypothesis
I1° is either a parallel value or 3Y° such that I1° — cc Y°.
There are several possibilities:

— If M7 is a value and I1? is a parallel value (without any
wrong), then M* must be a A-abstraction, and we can apply
rule [E-BETA], or M7 is a cast and we can apply rule [EC-
APPLICATION].

If M? is a value and I1° is a wrong®, by rule [E-WRONG],
MTII° — \cc wrongP.
If M” is a value and I1° is not a parallel value, then since
I1° — pcc Y9, by context o™ E, M* T1° — pcc M* Y°.
If M® is a wrong, by rule [E-WRroNG], M” II° — xcc
wrong® .
— If M7 is not a value or wrong, then M* — cc N7, and
by context E I1°, M* II° — 5cc N¥ II°.
e Rule [T-App]. If 0 +pce MM + MMM : Int then by rule [T-
ADpD], we have that 0 Fycc M{”‘ s Intand 0 Facc Mg”t :
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Int. By the induction hypothesis M{”t is either a value or

wrong or EINII'” such that M{"t —ACC Nll"t, and also by

the induction hypothesis Mé"t is either a value or wrong
or EINZI’” such that Mé’" —ACC NZI”t. There are several
possibilities:

- If MII”t is a value and Mé”t is also a value, then M{"t isa
constant k{”t and Mg"t is a constant kg"t and therefore, by
rule [E-ADD], we have that M{"t + Mg”[ —spcc kM,

- If M{’” is a wrong, then by rule [E-WRoONG], we have that
Mll"t + Mg”t —sncc wrongt,

- If M{"t is neither a value or a wrong and Mé’” is not a
wrong then M{"t —s\cC NII’”, and by context E + Mé"t,
Mt MInE—s oo NIt 4 ot

- If M{"‘ is not a wrong and Mg”t is a wrong, then by rule
[E-WRoNG], we have that M{’” + Mé”t —ACC wrongI”t.

- If M{”[ is a value and MZI"t is neither a value or a wrong
then Mé"t —ACC NZI’”, and by context o™ + E, M{”‘ +
MMt —s \cc MIME 4 NIt

e Rule [T-PAR]. If O Facc M{" | ... [ My" i i Ao ATy
then by rule [T-PaRr], we have that 0 Fpcc MlTl : 17 and

...and 0 Facc MY : 7. By the induction hypothesis, we

have that either M is a value or wrong™ or 3N, such that

MIT1 —ACC NIT1 and ... and we have that either M)" is a

value or wrong™ or AN," such that My — rcc Np" . If M}

and...and My" are all values, than M} | ... | M;" is a paral-

lel value. If M{* and . .. and My," are all results, and 3i . M* =
wrong™, by rule [E-PusH], er1 | ... | My —acc
wrong™/\-+\Tn . Otherwise, by rule [E-PAR], we have that

M| My —sace NPV || NG

e Rule [T-CasT]. If @ Fpcc M* : © = p : p then by rule

[T-CasT], we have that @ Facc M : 7. By the induction

hypothesis, M is either a value or a wrong or 3N such

that M* — xcc NT. If M7 is a value, and M” : ¢ = p is of
the form M” : G = Dyn, or of the form M* : 01 —> 11 =
oy — 12, then M” : T = p is a value. Otherwise, by rules

[EC-IpENTITY], [EC-SUCCEED], [EC-FAIL], [EC-GROUND] o1

[EC-ExpanD], we have that M" : 7 = p —,cc M'P.

If M" is a wrong then by rule [E-WRONG], we have that

M" : 7= p —>pcc wrong” . If M7 is not a value or a wrong,

then by context E: 7= p, M" : 7= p —pcc NT : 7= p.

m|

LEMMA 6.5 (EXTRA CAST ON THE LEFT). If 0 Fpcc vlﬁ T,

?E vfl and v C 11 and 3 C 1y then U;Z =1
* T

3 3 5
“ee Y3 andu3 Eo.

ProoF. We proceed by case analysis on 72 and 73:

e Both 5 and 73 are the same. If vgz

72 C 71 then by rule [EC-IDENTITY], v,? : 73 = 72 —>acC
72
2
e 75 is a base type B and 73 = Dyn. If Z)JZB Co'andBC 7

C v? and 75 C 71 and

v.? and ng C vfl.

and Dyn E 71 then vf : B = Dyn s a value, so vf :B=

Dyn _)(/)\CC U? : B = Dyn and by rule [P-CasTL], 02B :

B= DynC o}
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e 73 = Dyn and 13 is a base type B. If v?yn c vfl and DynC 11
and B C 1y, by definition 4.3, r; = B.If r; = B and 0‘1[1 is

a value, then Ulrl must be a constant kB, according to the
definition of values in section 6. By rule [P-CasTL] and [P-
Con], we have that zzszn = véB : B — Dyn, and véB C r{;. By
rule [EC-Succkep], we have that v;B :B— Dyn: Dyn —
B —>ACC U;B.

e ;= 1, — 7,/ and 73 = Dyn. Ifz);;%fé, C U‘fl and 7y — 1)/ C
71 and Dyn £ 77 then there are two possibilities:
- 1, — 7,/ = G.Then UZG : G = Dynisavalue and therefore

9\CC UZG : G = Dyn and by rule [P-

CastL], 0§ : G = DynC o]'.

UZGzG:Dyn—>

- 15 — 7/ # G. Then by rule [EC-GrounD], v;z_)fz
t, = Dyn — ,cc UZTZ—WZ i1, =1 = G:G = Dyn
As 1j — 7,/ C 71 then G T 11, and by rule [P-CastL],

’

L
1Ty =

-1y

T.
we have that v, i1y = 1)) = G C v By rule
17

T, —>1!
[P-CasTL], we have thato,” "% :7) -7/ = G:G=
71
DynCuo "
_ _ 1 Dyn 7
e ,=Dynand 3 = 7; — 7. Ifv,”" Co;' and Dyn € 71 and
; — 73’ C 71 then there are two possibilities:

- 173 — 13/ = G. By definition 4.3, we have that 7; is an
71

arrow type. By the definition of values in section 6, v;

is a A-abstraction, possibly with several casts. Therefore,

. D Dyn . . . .
since v,, M oh, 0, Y™ is also a A-abstraction, possibly with

several casts. Then, according to the definition of values in
. Dyn 1t -t
section 6, we have that v, m— 0, 378 Té - T.;' = Dyn.
There are three possibilities:
7]
1
/T§_>T§/ ,T{ ’ 17 ’
such that 0, C o , where 3 — 13 C o1 and
t3 — 75 C 71. By rule [EC-SucceEp], we have that
177y o 7" Dvn:D ’ ’”
) o = Dyn: Dyn = 15 — 1 —nce
1T, —T. 1T, —T.
,° . By rule [P-CasTR], we have thatv,* 7
T,
o, i =T o
1T, —T.
By rule [P-CasTL],v,° " * C o;". By rule [EC-SuccEED],

7

c

* By rule [P-Cast], we have that vfl =0 1

= 11

c

*

1T, T
3 3 .7 77 . ’
we have that v, 17y —> 13 = Dyn:Dyn= 1; —
1ty —ty

’” 3
T3 —>ACC 0,

*

By rule [P-CasTR], we have that vlT1 = U;Tl A

’ 1]
such that o, i1, — 17 = DynC o, ' and DynC
7; and Dyn E 7. Since we have that 7} — 77’ C 7y,

’ "
T3 1T

. 1]
and in order for 0 1 T{ = 11 to be a value, we have

that 7} — 77" C 7]. By rule [EC-SuccEED], we have that

1t -t

o :Té —)Té/ﬁDanDynﬁ’[é—)Té’ —ACC
1t —tl! 1l —tl!

, > *. By rule [P-CasTR], we have thatv,® ° C
U/T{ AN

1 h 1

- 73 — 75/ # G. Then by rule [EC-ExPAND], v?yn : Dyn =

’ ’” Dyn . ’ ’7
3 > T3 —acc v, Dyn=G:G=>1 > As

73 — Tél C 71 then G C 71, and by rule [P-CasTL], we
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D
have that o, I Dyn=GELC vfl. By rule [P-CAsTL], we [P-CasTL], we have that o’ : p; = G: G = pp T o™ :
D
have thatv,”" : Dyn = G : G = 1} — 7}/ C o]\ @3 ﬁTIZ' , , ., ,
., oand o = o/ "l L d - p1=p; — p{ and p2 = p; — p}’. Therefore, v'P! : p; =
en =7 >nadn =755l = Colan p2 is a value.
—
1, — 1, C 7y and 7j — 7} C 7y then 022 2 T, > 1) = e Rule [P-CASTL]. If @ Fpcc o7 : Tand O Fpce NPt @ pp =
i ey . P1 . C ot _
t; — 7 is a value, and therefore UZTZ R T, — 1) = pz : pzand N p1 = pz T 0” then by rule [P-CasTL],
, . 0 T, . , ., we have that N°* € o and p; C 7 and pp C 7. By the
3703 “7acc % 17, = 1) = 13— 73 By rule [P- induction hypothesis, we have that N/t —7 . v"P* and
CastL], we have that U?HTZ ot = o C Ufl, v’Pt C o”. By rule [E-Ctx] and context E : p; = py, we have
- that NPt : p;1 = po _>;CC 0’1 1 p1 = py, and by rule

[P-CasTL], we have that v’P! : p; = py C o”. By lemma 6.5,
we have that o' : p; = pp — . 0”2 and 0”72 C 0",
Rule [P-CASTR]. If O Fpcc 0™ : 11 = 12 : 13 and 0 Foce
NP : pand NP C 0™ : 1y = 1y then by rule [P-CasTR], we
have that N € 0™ and p C 71 and p E 3. By the induction
hypothesis, we have that N¥ —7 -~ v"¥ and ’¥ C v™. By
Proor. We proceed by induction on the length of the derivation rule [P-CasTR], we have that o’? C 0™ : 1; = 1.
tree of MP C o”.

LEMMA 6.6 (CATCHUP TO VALUE ON THE RIGHT). If0 Frcc 07 : T

and 0 Fpcc MP : p and MP T o7 then MP —7 . o'P and
o’P Lo’

[m}
Base cases: LEMMA 6.7 (SIMULATION OF FUNCTION APPLICATION). Assume
e Rule [P-CON]. If0 Frc kB : Band 0 Fycc kB : Band kB C 0 Frcc Ax 0. M" 20 — wand 0 bace 27 2 0,0 bacc 00T
kB then, since kB is a value, kB _)(/)\CC kB and kB C kB. v—o pand® Fpce #’V tvandv — pC o — . Ifo/V7P C
o Rule [P-ABS].If0 Facc Ax:v. NP :v — pand 0 Fpoce Ax : Ax i 0. M" and x'% C 27 then o""7P 'V —7 o M'P, M'P C
c.M":0 > rand Ax : 0. M" C Ax : v. NP then, since [Cir/(x) = <”6>,-Tl] M" and O rpcc M'P 2 p.
. T : . T 0 . T
jﬁ Z:.’ ]\A//IIT Ilzs;xviui\?'; 0. M — oo Ax o M"and Proor. We proceed by induction on the length of the derivation
- tree of 0" 7P C Ax : 0. M%. 1
Induction step:
e Rule [P-CAST].IfQ Fpcc 0™ : 71 = 12 : pand O Face NP! : Base cases:
p1 = p2 : ppand NP : p; = py C 0™ : 71 = 13 then by e Rule [P-ABs]. We assume @ Fpcc Ax : 0. MF : 0 > T
rule [P-CasTt], we have that N1 C 0™ and p; C 77 and pp C and 0 Face 7% : 0,0 Facc Ax i v. NP : v > pand
72. By the induction hypothesis, we have that NP1 —7 . 0 rpce 7’V ivandv > pEo > . lfAx : v. NP C
v’Pt and v’P1 C 0™. By rule [E-Ctx] and context E : T = p, Ax : 0. M" and 7’ C 77, then by rule [E-BETA], we have
we have that N' : p1 = pp —7 -~ 0"P1 : p1 = pp. By rule that (Ax : v . NP) 7'V —sAce [cl.p' (x) = (n’”)f/] NP,

[P-CasT], we have that o’P! : p; = py C 0™ : 1y = 13. Since

P P NP E e T M7
o™ : 7y = 17 is a value, then either 71 = G and 7 = Dyn or and [c’ (x) = {r >’ I NP E lef (x) = (x)7 ] M" and

=1 -1 andn =1 — 1. fry =Gand r, = Dyn 0 Facc [Cf (x) = (”’U>f NP :p.

then there are two possibilities: Induction step:

- Both p; and p; are Dyn. Then, we have that o'/! : p; = e Rule [P-CasTL]. We assume @ Facc Ax: 0. MF : 0 > 1
p2 — acc 0Pt and by rule [P-CasTL], o/ C 0™ : 1y = and 0 kace 7% 0, 0 Face 0P 0 o p=>v—op:
72 , ] U—)pand(])i—,\ccn'v:vandu—>pEo—>r.va’U’_’P':

- p1 = G and py = Dyn. Therefore, v’P1 : p; = paisa v > p' = v pC Ax:o.M and 7% C °, then by
value. rule [P-CasTL], we have that o'” ¢ C Ax : ¢ . M” and

Ifrg = T{ — T{, and 7y = ré — Té/ then there are four

possibilities:

- Both p; and p; are the same. Then, we have that v’P1 :
p1 = p2 — acc 0Pt and by rule [P-CasTL], v'P! C 0™ :
1 = 12.

- p1 = p; — py and p; = Dyn, with p| — p’ # G.
Therefore, by rule [E-GROUND], we have that 0’P1 : p; =
p2 —acc VP i p1 = G : G = py. By rule [P-CasTR],

v — p’ Eo — randv — p T 0 — 7, and by definition 4.3,
we have that v £ candv € o and p’ C 7 and p C 7. By rule
[EC-APPLICATION], we have that (o' =P : v/ — p=>v—
p) 1’ —acc V=P (2 v =p ) :p’ = p.Byrule
[P-PaR] and rule [P-CasTL], we have that 7’¥ : v =, v/ C
79 By the induction hypothesis, we have that (v/*' " (x'? :
V=) — e NP and NP' C [ciTl(x) — (71'”)1.7/] M*

we have that o’P! : p; = G C 0™ and by rule [P-CasTt], arlld 0 Facc NP = p'. B’Z’,i‘ﬂ/e [E,;CTX] and C,ontext, E:
we have that o’P! : p; = G:G= p Co™ 1 1y = 1. p" = p, we have that (" 7F (7" : v =4 V') : p) =
kS

- p1 = Dynand p; = p} — pY, with pj — p} # G. p —cc NP : p’ = p. By rule [P-CasTL], we have that
Therefore, by rule [E-ExpaND], we have that v'P! : p; = P
This lemma is used in the proof of Lemma 6.9, in rule [T-App], case rule [E-BETA].

p1 . .
P2 —>ACC Y pr p1 = G:G= pP2- By rule [P_CAST]’ According to rule [E-BETA], 77 is not wrong, and since 7’ € 77, 'V is also not
we have that v’P! : p; = G C 0™ : 1y = 12 and by rule wrong.
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NP i p' = p C [cF (x) = (27)7] M and by rule [T-
CasT], we have that 0 F,cc NP p'=pip.
O

LEMMA 6.8 (SIMULATION OF UNWRAPPING). Assume O Facc
09T i o > tand 0 Face 10 00, 0 Face VUTP v — p
and® tacc 7'’ cvandv > pCo > . Ifo™" 7P C o777 10—
t= 0 — 7 and 7’ T 1% then o’V"P g’V —cc MP and
MP oo (29 10’ Sp0) 1= 1.

Proor. We proceed by induction on the length of the derivation

tree of VP L0’ T g 1 =0 7.2

Base cases:

e Rule [P-CasT]. We assume @ +rcc 0977 @ ¢ — 7 and

0 Frce 7% 2 0,0 Fpce 0VTP v — p=>v - p
v — p’and 0 Face 2V v and v/ — p)Co—orlf
vll}—)p > p = U, N p, E UO'—)T
and 7Y T 7% then by rule [P-Cast], we have that o’* 7 C
v°”Tandv > pCo—orandv — p’ C o’ — /. Byrule
[EC-AppLicATION], we have that (/7P :v — p = v —
) 7V —ace @VTP (2 v =a ) : p = p’. Since
v' C ¢’ and v C o, by rules [P-Par] and [P-CasT] we have
that 7’V : v/ =5 vC 7% : o’ =, 0. Since 0’V"P C 0977,
by rule [P-App], we have that v’*—P (7 v =av) L
07T (19 : ¢’ =4 0).Since p C rand p’ C 7, by rule
[P-Cast], we have that (v/"™° (/¥ : v/ =4 v)) : p =
p'C (07 (9 10’ Dp0)) T 7.

e Rule [P-CAsTR]. We assume @ Fpcec 027 ¢ 0 — rand
0 FaCC 7'[0', : U’, 0 FAaCC VTP iy > P and 0 FacC a’l v
andv » pEo > . " P C o777 10 51>
¢/ - r and 7’V C 79 then by rule [P-CasTR], we have
that 0P C v andv - pE o —> randv — p C
o/ — 7’. Since v'VP and n’Y are values, we have that
o'VP g’ _’(/)\CC 0’V 7P 7'V, By rule [P-CasTR], we have
that 77V C 7% : o =4 o. By rule [P-App], we have that
V'V gV E 09T (29 1 o) = 0). By rule [P-CasTR], we
have that o' 7’V C (0977 (2% 16’ =p 0)) i1 = 7.

o> r1>0 > 1

Induction step:

e Rule [P-CasTL]. We assume @ Fpcc 0277 : 0 — 7 and
0 krce 7° 20,0 kpcc VTP v p2 U 5 p iV o
p’ and 0 Fpce 2V v and v — pCo—- . lfoV7P

vop=V 5 pP Lo 51T =0 — v and

7’V € 7% then by rule [P-CasTL], we have that o’"™P C

07T 510 - andv > pC o — 7 and

v — p’ € ¢’ — 7. By rule [EC-AppLICATION], we have that

@VP v o p =V o )V —ace WP (2

v =A0):p = p’. Since v’V 7P C 07"

 and 77V : V' = 0L 7%, by the induction hypothesis,

we have that o’"2P (/Y : v/ = v) — " cc MP and

MP C0v°" (2% : ¢/ =4 0) : T = /. By rule [E-Ctx] and

context E : p = p’, we have that (0/V7F (Vv =)

o> T1=0 —

2This lemma is used in the proof of Lemma 6.9, in rule [T-App], case rule [EC-
APPLICATION]. According to rule [EC-APPLICATION], 7% is not wrong, and since
Y € %, 7'V is also not wrong.
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*

p=p —"cc MP:p = p’ Byrule [P-CastL], we have
that MP : p= p' C0° " (n% 10’ =p0): 1= 7.

O

LEMMA 6.9 (SIMULATION OF MORE PRECISE PROGRAMS). For all
Yy CI0Y such that @ Facc 117 : 0 and O Facc 17 2 v, ifTI —acc
7 then Y} — - Y3 and YJ CII7.

Proor. We proceed by induction on the length of the derivation
tree of Y} C I17, followed by case analysis on II — \cc 117, and
using lemmas 6.5, 6.6, 6.7 and 6.8, and theorems 6.3 and 6.4.

Base cases:

e Rule [P-Con]. If kB C kB, and since k& is a value, then it is
proved.

e Rule [P-WronG]. If IT” C wrong® and wrong® —acc
wrong?, then by rule [P-WRroNG], we have that v C o. By
theorems 6.3 and 6.4, any amount of evaluation steps, say
Y —* . YV, yields an expression YV with type v. By rule

ANCC
[P-WroNG], we have that YV T wrong®.

Induction step:

e Rule [P-ABs]. If Ax : 0. MT C Ax : v. NP, and since both

Ax : 0. M® and Ax : v. NP are values, then it is proved.

e Rule [P-Arp]. There are six possibilities:

— Rule [E-BETA]. IF M7 TI° C (Ax : v. N’?')P 7% and (Ax :
V. NP 70—, o0 [cf" (x) > (ﬂ”)l/.)"] NP’ then by
rule [P-App], we have that M” T (Ax : v. N’?")? and
I1° T n. By lemma 6.6, we have that M" —)’/‘\CC 0’7 and
v'T T (Ax : v. N’?")P. By applying lemma 6.6 to each
component of I1, and then by rule [E-Par], we have that
I —7 - 7’7 and 7’° T #. By applying rule [E-Ctx]
with context E I1° and then with context v’? E, we have
that M? I1° —>’;CC 0’7 119, and 0’7 T1° _);CC U/‘/[ 7’°.

By lemma 6.7, we have that o'" 7’ _)T\CC M’" and

M7 E [ (x) - ()TN

- Rule [E-CtXx] and context E YV. If M” I1° C NP YV and
NP YV —,cc N’P YV, then by rule [P-App], we have
that M® C NP and II° C YY, and by rule [E-Ctx], we
have that N — cc N’P. By the induction hypothesis,
we have that M —7 .~ M’ and M’* C N'P. By rule
[E-Crx], we have that M* 117 —, . M’" TI°, and by
rule [P-Arp], we have that M7 II° C NP YV,

— Rule [E-Ctx] and context v” E. If M II° C NP YV and
NP YV —,cc NP Y'Y, then by rule [P-App], we have
that M* T NP and I1° C Y? and by rule [E-CTx], we have
that Y¥ — scc Y’?. By the induction hypothesis, we have
that 17 —7, -~ II'” and II"? C Y"*. By rule [E-Ctx], we
have that M* [17 — . M* IT'?, and by rule [P-App],
we have that M" II’° C NP Y'.

— Rule [E-WRONG] and context E YV or P E. If MT T1° C
NP YV and NP YV —cc wrongpl, by rule [P-Arpr], we
have that M* C N” and [1° C Y". By definition 5.1, we
have that 7 C p, where p=v — p’ and 7 =0 — 7/, and
therefore 7’ C p’. By theorems 6.3 and 6.4, M* T1° —7,
M’ and by rule [P-WroNG], M’" C wrong” .

o
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- Rule [EC-AppLicaTION]. f MT I C (V™ : v —
p’ = v — p) ¥ and (0¥ 7
p) ¥ —ace @V (s v = V) p’ = p, then
by rule [P-App], we have that M* C @' v >
p’ = v — p)andII° C 7¥. By lemma 6.6, we have that

’ ’
MF —% T and o’" E (0¥ TF 10— p' = v - p).

By applying lemma 6.6 to each component of I1°, and then
by rule [E-PAR], we have that I —7 .~ 7'% and 7’7 C
7V. By applying rule [E-Ctx] with context E I1° and then

with context 0’7 E, we have that M* I1° —>"/‘\CC /T II°,

and 0’7 119 —7 . v'7 7’%. By lemma 6.8, we have that

) ) '
VT ' — e M'T and M'T T (07 TP (n¥ 1 v =4

) p’ = p.

v - p =0 >

o Rule [P-ApD]. There are five possibilities:

- Rule [E-App]. If M + M © kIt 4 kIt and kInt +
ké’” —sAcC ké”t then by rule [P-App], we have that
MII"t C k{”‘ and Mg”t C ké’". By lemma 6.6, we have that
Int * Int Int Int Int * Int
M™ —7 o0 v and 0" E k™ and My" —7 - v,
and Ué"t c ké"t. By definitions 4.3 and 5.1, we have that

v{”t is a constant ki”t and vé”t

is a constant ké’” . By rule [E-
Crx], and contexts E+ M7 and v” + E, we have that M{”[ +
Mént _)j\CC kint+M£nt and ki”t+M£"t _)j\CC kint_‘_ként.
By rule [E-ADD], we have that ki’” + ké’” —sACC ké"t. By
rule [P-Con], we have that kg’" C ké”t.

Rule [E-Ctx] and context E + M*. If M{”t + Mg”t c Nll”t +
NZI’" and NII’“ + NZI’” —AcC Nl’I”t + NZI’”, then by rule
[P-ADD], we have that M{”t c NII"t and Mé”t C NZI’”,
and by rule [E-Ctx], we have that NII'” —AcC Nl'I”t.

. . . Int ®

By the induction hypothesis, we have that M;™ —7
M{I”t and M{I”t c Nl’I”‘. By rule [E-CtXx], we have that
MII'” +M21”t —% e M{I"t+M£"t and by rule [P-ADpD], we
have that M{I’” + Mé”t E Nl'I”t + NZI'”.

Rule [E-Ctx] and context o +E. IfMII"t+M£”t C N{"t+NZI’”
and Nllm + NZI'” —AcC N{"t + NZ'I'", then by rule [P-
ApD], we have that M{"t C NII’” and Mg"t C NZI’”, and
by rule [E-Ctx], we have that NZI’” —A\cC NZ’I"t. By the
induction hypothesis, we have that M —* e Myt
and Mél’” c NZ'I"t. By rule [E-CTx], we have that M{"t +
Mé"t — e MII"t + MéIm and by rule [P-ApDp], we have

Int Int Int Int

that M{™ + M™ © NJ™ + N

Rule [E-WRoNG] and context E + M” or o” + E. If MI" +
Mé"t C NII”t+NZIm and N{"t+NZI"t —sncc wrong™ then
by theorems 6.3 and 6.4, MlI”t +Mg’” —* Mt and by

ANCC
rule [P-WronG], M™ C wrong™.

o Rule [P-PAR]. There are two possibilities:

- Rule [E-PusH]. Ifer1 | ... | M rfl [ .. ] rﬁ" and

n

rlp1 | ... |rh™ — Acc wrongP1+"Pn_then by definition
4.5, le1 c rfl and ...and My" C rf", and by definition
5.1, we have that 71 C pj and ... and 7, C py. By defini-
tion4.3, 71 A... Aty E p1 A ... A pp. By theorems 6.3

71 * 71 Tn * Tn
and 6.4, M;' — -~ N;' and ... and M;" — .~ Ny".

By rule [E-PAR], we have that le1 | oo | My — e
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Nlr1 | ... | Ni* and by rule [P-WRoONG], we have that
NIT1 | ... | Nf* C wrongPN\/"\Pn
Rule [E-PAR]. If M[' | ... | My" © N' | ... | N;" and

Nfl | ... |N,€" —aCC Nllp1 | ... |N,/1p",thenbyrule
[P-Par], we have that M' € N”" and ... and My C N}"
and by rule [E-PAR], Vi . either Nip " is a result and Nip =
Ni'p" or Nipi —ACC Nl.'pi and 3i . Nl.pi is not a result.
For all i such that Nip ! is a result, then either Nip 1= vip " or
Nl.pi = wrongi. If Nl.pi = ufi, then by lemma 6.6, we have
T; % 173 173 pi 1T T
that M; —)’\C,C v; ' gnd v; _E o, and let M;"" = v;
Therefore, Ml.'T’ C Nip’. If Nip’ = wrongPi, then by theo-
rems 6.3 and 6.4, MI.T" —>’/‘\CC Mi”i and by definition 5.1,
M{Ti C N_’Pi
i =i

For all i such that Nip 't —cC Ni/ Pi by the induction hy-
pothesis, we have that M;" —* . M. and M;"" C Ni/pi.

ACC i
By rule [E-Par], M[* | ... [ My" —% oo M[™ | ... | M™,
and by rule [P-PAR], we have that M{Tl | ... | M7 C
NPUL LN

e Rule [P-CasT]. There are seven possibilities:
— Rule [E-Ctx] and context E : 11 = 2. If NP1 : p; = pp T

MY i1 = npand M i1y = 15 —Sace MM i =
72 then by rule [P-CasT], we have that N°1 C M™ and
p1 E 11 and py C 12, and by rule [E-Ctx], we have that
M™ — ,cc M’'™1. By the induction hypothesis, we have
that NP1 —7 . NP1 and N'P1 € M’™. By rule [E-Ctx],
we have that N°1 : p; = p» _);CC NPl : p; = py,and
by rule [P-Cast], we have that N'Pt : p; = py T M'™ :
1 = T2.

Rule [E-WRoNG] and context E : 1y = 1. f NP1 : p; =
p2 EMY 11 = pand M™ : 1 = 9 —acc wrong™
then by rule [P-Cast], we have that N1 T M™ and
p1 C 71 and p; T 12. By theorems 6.3 and 6.4, NP :
p1 = p2 — o N'P?, and by rule [P-WronG], N'72 C
wrong™.

Rule [EC-IDENTITY]. If NP1 : p; = py C 0" : 7 = rand
o' : T = 7 —acc 0" then by rule [P-Cast], we have
that NP1 C 0" and p; C 7 and p; C 7. By rule [P-CasTL],
we have that N : p; = py C 0”. By lemma 6.6, we have
that NP! : p1 = py —7 - 0'P* and 0’2 C 0",

Rule [EC-Succeep]. If NP1 : p; = py C 9 :G = Dyn :
Dyn = Gando® : G = Dyn : Dyn = G —ace
o€ then by rule [P-Cast], N** C 0¥ : G = Dyn and
p1 E Dyn and pz E G. Since p; E Dyn then p; C G. By
lemma 6.6, we have that N/' —7 v’Pt and v’P1 C
0% : G = Dyn. By rule [P-CasTR], o’?' C v°. By rule
[E-Ctx] and context E : p; = py, we have that N°! :
p1 = p2 = o VP : p1 = pa. By rule [P-CasTL], we
have that v/P! : p; = py C 0.
Rule [EC-FAIL]. If N! : p; = p3 C v°1 : G| = Dyn :
Dyn = Gy and v©' : G; = Dyn : Dyn = G3 —ace
wrong®? then by rule [P-Cast], N** C %' : G; = Dyn
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Gz. By theorems 6.3 and 6.4,
c N ’P2 and by rule [P-WRONG],

and p; C Dyn and pz
NP pp = ,02 —
N'P2 € wrong®?

- Rule [EC-GROUND]. If NP' : p; = py E 0" : 7 = Dyn
and v” : 7 = Dyn —cc 0" : 7 = G : G = Dyn, then
by rule [P-CasT], we have that N°! C 7 and p1 C rand
p2 C Dyn. By lemma 6.6, we have that NPt —7 . 0v'”1
and v’P1 C o”. By rule [E-Ctx] and context E : p; = pa,
we have that NP : py = py —7 - 0P : p1 = pa.
Since pz C Dyn then py C G. By rule [P-CasT], we have
that o’P1 : p; = py C 0" : 7 = G, and by rule [P-CasTR],
we have thato’P! : py = py C o’ : 7= G : G = Dyn.

- Rule [EC-ExPAND]. IfF NP' : p; = po CoPY" : Dyn = 1
and 0P . Dyn = 7 —acc oPyn Dyn = G:G =1,
then by rule [P-CasT], we have that N?! C oPY" and p; C

Dyn and p; C 7. By lemma 6.6, we have that NP1 —7,

0’Pt and o’Pt T oPY". By rule [E-CTx] and context E :

p1 = p2, NP1 p1 = pp —% o 0'P1 1 p1 = p2. By rule

[P-CasTR], we have that o’?! C oPY" : Dyn = G. Since

p1 E Dyn then p; C G, and by rule [P-CasT], we have
that o’P1 : p; = po 0P :Dyn =G : G = =

e Rule [P-CasTL]. If NPt : p; = py E M and M* — ¢

M’T then by rule [P-CastL], we have that NP1 € M7, p; C

7 and pp C 7. By the induction hypothesis, we have that

NPt —* .~ NPt and NPt C© M'". By rule [E-CTx] and

contextE p1 = p2, we have that NP : p; = py —acc

N’P1: p1 = pa, and by rule [P-CasTL], we have that NP1 :

p1=p2C M'T.

o Rule [P-CasTR]. There are seven possibilities:

— Rule [E-Ctx] and context E : 1y = 1. If NP T M™ :
= nand M : 11 = 10 —\cc M i1 = 1
then by rule [P-CasTR], we have that N° T M™ and
p E 71 and p € 1, and by rule [E-Ctx], we have that
M™ — ,cc M’™. By the induction hypothesis, we have
that N¥ —* .. N’? and NP C M’". By rule [P-CasTR],
we have that N'P C M'™ : 11 = 1.

- Rule [E-WRoONG] and context E : 11 = 1. If NP T M™ :
71 = pand M™ : 11 = © —cc wrong™ then by
rule [P-CasTR], we have that N° € M™ and p C 71 and
p C 12. By theorems 6.3 and 6.4, N¥ —7 . N'P, and by
rule [P-WRroNG], NP € wrong™.

- Rule [EC-IDENTITY]. f NP C 0" : 7 = rand o’ : 7 =
T —acc v then by rule [P-CasTR], we have that N” C
v” and p 7 and p £ 7. By lemma 6.6, we have that
NP —7 0P and 0P C 0",

— Rule [EC-Succeep]. fEN? C v : G = Dyn: Dyn = G
and 0© : G = Dyn: Dyn = G — pcc 0° then by rule

[P-CasTR], N C 0% : G = Dynand p C Dynand p C G.

By rule [P-CasTR], N” C 0% and p C G and p C Dyn. By
lemma 6.6, we have that N¥ —" . v’ and v'P € 0.

- Rule [EC-FarL]. f N* € vC1 : G = Dyn : Dyn = G,
and 0% : Gy = Dyn : Dyn = G3 — acc wrong®2 then
by rule [P-CasTR], N C v©' : G| = Dyn and p C Dyn
and p £ Ga. By theorems 6.3 and 6. 4 NP —% N'/’
and by rule [P-WronG], NP C wrong©?
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- Rule [EC-GROUND]. If NP C 07 : 7 = Dynando” : 7 =
Dyn —cc v* : © = G : G = Dyn, then by rule [P-
CasTR], we have that N C 0" and p C 7 and p C Dyn.
By lemma 6.6, we have that N¥ —7 . o’ and P C o7.
By rule [P-CasTR], we have that o’” C 7 : 7 = G, and
by rule [P-CasTR], we have that v’ Co” : 7= G: G =
Dyn.

— Rule [EC-Expanp]. If NP C 0P . Dyn = r and 0P :
Dyn = 1 —spacc 0PV : Dyn = G : G = t, then by
rule [P-CasTR], we have that N® C oP¥" and p C Dyn

/
and p C 7. By lemma 6.6, we have that N¥ —7 . 0P

and o’ T oPY". By rule [P-CasTR], we have that ’P C
oPyn . Dyn = G, and by rule [P-CasTR], we have that
VPP . Dyn=G: Gt

[m]

THEOREM 6.10 (GRADUAL GUARANTEE). For all YV C II° such
that O vacc T1% : 0 and O kpcc YV @ v, and assuming 7 # wrong®
and ity # wrong":

(1) 17 —7 o ] then YV — 70 7y
if TI° diverges then Y diverges.
2) if YV _>/\CC 5 then either 17 —
orI1° _>/\CC wrong .
if YV diverges then I1° diverges or II° —7 .~ wrong?®.

and;r C 7[1

7.[0'

1 o
7 andyz2 Crx

ACC 1’

ProoF. Proof for part 1. By lemma 6.9 and induction on the
length of the reduction sequence, applying theorem 6.4, we have
that 17 —7 .~ 77, Y¥ — o Y'Y and YV T 7. By lemma 6.6
applied to each component and by rule [E-PAr], then " — e

7y and &) C 7y,

If TI° diverges, then we have an infinite reduction chain II
—srcc ' —pcc -+ +. By lemma 6.9, we also have an infi-
nite reduction chain YV —,cc Y'Y —,cc - -. Therefore, YV
diverges.

Proof for part 2. If Y¥ — xcc 7Y, then, because I19 is well-

typed, by theorem 6.4, either I1% —7 . 77 e wrong®
or IT? diverges. If I —7, . #7, then by part 1, we have that
7T, vC nf CIfTIC diverges, then by part 2, YV also diverges, which is
a contradiction.
If YV diverges, let’s assume I1” —", . 77. Then, by part 1, we
have that YV —* Ace 7y, YV whichisa COl’ltI‘adlCthIl Therefore, I1°

diverges or [17 —7 . wrong®. O

JI10 —*

LEMMA 6.11 (EXTRA CAST ON THE RIGHT (CONFLUENCY)). If
0 Facce v? 2 11, O Face rzrz DTy, vfl > rzrz then rzrz Ty =

T T
3 —* *ando!

acc ™3 by’

5
Proor. We divide this proof into 2 parts: either rZT2 = wrong™;

or r2 is a value v2?, in which case we proceed by case analysis on

19 and 3.

2 >

Proof for ry* = wrong™. If v}' >« wrong™ then by rule [E-WRoNG],
wrong™ : 1y, = 13 —cc wrong®™ and by rule [V-WRONGR],

T 3
01 > wrong--.

Proof for rgz =0
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e Both 75 and 73 are the same. If v? b 0272 then by rule [EC-

IDENTITY], vgz 1Ty = Ty —aCC vgz and vfl >a vgz.

e 75 is a base type B and 73 = Dyn. If vlT1 > vf then vg :B=
Dyn is a value, so vf :B= Dyn _)(/)\CC Uf : B= Dynand
by rule [V-CastR], 0! =08 : B = Dyn.

e 73 = Dyn and 13 is a base type B. If Ufl > U?yn then there
are two possibilities:
Dyn
- 0,

. % /B
.Dyn=>B—>ACCvZ, Z/T
2

B = Dyn and by rule [V-CasTR], we have that vfl a0, 2.

By rule [EC-SucceeDp], we have that véB : B = Dyn:

so we have that vfyn =oB.

Dyn= B —cc véB.
- UZDy ":Dyn= B — e wrongB, so by rule [V-WroNGR],
T
0,' »< wrong”. o
_ 1" _ 7 [P andr}
e 1 =1, > 7)) and 73 = Dyn. If 0;" b< 0, then there are
two possibilities:
- 75, — 75/ = G.Then ZJZG : G = Dynisavalue and therefore
vg; : G = Dyn —>9\CC vg; : G = Dyn and by rule [V-
CastR], v]! =< 0§ : G = Dyn.

- 1, — 7,/ # G. Then by rule [EC-GRoUND], UZTZ_)TZ 1Ty =

’” L7 . .
7, = Dyn —acc v, .1'2—>12:>G.C,;/:>Dyn.

By rule [V-CasTR], we have that vf‘ > ugz_)rz FTy =
7,/ = G. By rule [V-CasTR], we have that vfl >a v;z—’fz :

1, > 1, = G:G = Dyn

’ "
2 ’ 7

D,
e =Dynandr3 = 75 — 7. If vlrl >< U, 7" then there are
two possibilities:
- 153 — 15’ = G. There are two possibilities:

Dyn ’ ’” * 171y

* v, :Dyn= 1:3 —: T3 —cc Yy , so we have
Dyn 17T,

that vzy =0,° 7 13 — 1 = Dyn By rule [V-

CASTR], v;" »< v;Tg_)Tél. By rule [EC-SucceEDp], we have
that vérg_ﬂg, sty — 7 = Dyn:
1y —acc DZTS’_)T;
é)yn :Dyn = 15 — ) —

[V-WRroONGR], we have that ulT1 >a wrongfé_”:;'.

’
Dyn = 3 —

’ "
* 0 wrong™ % |, by rule

- 73 — 73/ # G. Then by rule [EC-ExpaND], szy " Dyn=
T3 = Ty —acC v?y" :Dyn= G :G = 1 — 17. By

rule [V-CasTR], we have that 0" >« vfy " . Dyn= G.By

rule [V-CasTR], we have that UlTl > ufy " Dyn = G :

G=r1 >y
T/_)T//
e =1 — 1 andz =75 — fg’.vafl > 0,2 % then

2
-1 .
vz2 i1y > 1) = 1 — 17 is a value, and therefore
T/_)T// T/_)T//
2 2 . ’ ’ ’” 0 2 2 .

) ot =0 - =0, .Tg—>
1, = 7; — 1. By rule [V-CasTR], we have that o' »<
o1 N N N
2 ‘T 2 3 3

O

LEMMA 6.12 (CATCHUP TO VALUE ON THE LEFT (CONFLUENCY)). If
0 Facc v” i Tand® Facc NP @ p ando® v« NP then NP —7 . 1P
ando® > rP.
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ProoF. We proceed by induction on the length of the derivation
tree of 0¥ >« NP.

Base cases:

e Rule [V-CoN].If® Fpcc kB : Band @ Fpcc kB : Band kB »<
kB then, since k& is a value, kB _>(/)\CC kB and kB v« kB.

e Rule [V-ABS]. If 0 Fpcc Ax : 0. M* : 0 — Tand 0 Facc
Ax :v.NP :v — pand Ax : 0. M" »< Ax : v . NP then,
since Ax : v. N” is a value, Ax : v . NP _’(/)\CC Ax:v. NP
and Ax : 0. M < Ax :v. NP.

e Rule [V-WRONGR]. If @ Frcc 07 : 7 and @ Fycc wrongP : p
and o >« wrongP, then since wrongf is already a result,

wrongP _’(/)\CC wrong? and v” >« wrong®.

Induction step:

e Rule [V-CAST]. If O Frce o™ 1 and Face
NPU:p; = pp:ppand o™ : 1y = 13 5« NPL 2 p1 = po
then by rule [V-Cast], we have that 0™ »« NP1, By the
induction hypothesis, we have that NPt —" . ! and
0™ < rP1. By rule [E-Ctx] and context E : p; = p3, we
have that NP1 : p1 = pz —7 - P11 p1 = pz. By rule
[V-CasTL], we have that o™ : 17 = 1 < rP!. By lemma 6.11,

rPlipr = p2 — o r’P2 and o™ : 1] = 1y ar’P2,

e Rule [V-CASTL]. If @ Frcc 0™ : 71 = 12 : 12 and 0 Face
NP : pand 0™ : 11 = 12 >« NP then by rule [V-CasTL], we
have that 0™ >« N”. By the induction hypothesis, we have

that N” —>’;\CC r? and v™ < r”. By rule [V-CAsTL], we
have that 0™ : 77 = 19 < rP.

e Rule [V-CASTR]. If @ Fpcc 07 : 7and @ Fpace NP 2 p1 =
p2 : p2 and 0" >« NP1 : p; = p, then by rule [V-CAsTR], we
have that o” = NP1, By the induction hypothesis, we have
that NPt —7 - rP and o” »< rPL. By rule [E-CTx] and
context E : p1 = pz, we have that N! : p1 = pz —7

rP1 : p; = py. By lemma 6.11, we have that rP! : p; =

p2 _);CC r’P2 and 0% va P2,

LT = T2

O

LEMMA 6.13 (SIMULATION OF FUNCTION APPLICATION (CONFLU-
ENCY)). Assume @ tacc Ax : 0. M* : 0 > tand 0 Fpcc 7% : o,
O rpcc 0V7P v > pand O race 7V v IfAx s o . MT b

w—p o v w—p 1o * p 7’
v /andﬁ > 7'¥ then v 7’ —% e M and [¢] (x)

ON\T’ T ’p
()] M ea M'P.

Proor. We proceed by induction on the length of the derivation
tree of Ax : 0. M7 pa /7P 3

Base cases:
e Rule [V-ABs]. We assume @ Fpcc Ax : 0 . M* 10 > 1
and 0 Face 7% 1 0,0 Fpcc Ax : v. NP : v — p and

Orpce 7’ :v.MfAx 0. M Ax :v. NP and 77 > 7',
then by rule [E-BETA], we have that (Ax : v. NP) 'V — e

[ (1) = ()] NP, and [f (x) > (2)F] M7 e
[? (x) > (2] NP.
Induction step:

3This lemma is used in Lemma 6.15, in rule [V-App], case rule [E-BETA]. According
to rule [E-BETA], 77 is not wrong. In the specific case we use the lemma, we assume
'Y is not wrong.
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e Rule [V-CasTR]. We assume O Facc Ax : 0 . M* : 0 > 1T
and 0 Face 7% 1 0,0 Face 0V LV — p=>v—>p:
v—o pand O Frcc 7'V : v.HAx 0. MT a0V =P 1y o
p’ = v > pand 7% >« 'Y, then by rule [V-CasTR], we
have that Ax : o . M7 a0’V 2P, By rule [EC-APPLICATION],
we have that 0V ™" : v/ > p=v > p)a’l —,ce
@V 7P (2 v A V) p’ = p. By rule [V-PaR] and
rule [V-CasTR], we have that 77 > 7’¥ : v =, v’. By the
induction hypothesis, we have that V=P (2 v =,
V) — e N*" and [ciT/ (x) > (7[")1?/] MFT < Np/.By rule
[E-Ctx] and context E : p’ = p, we have that (0"V'=P ('Y
v ) pl = p % NP p’ = p. By rule [V-
CasTR], we have that [c7 (x) - (19)T ] M7 »< NP - p/ =
p.
|

LEMMA 6.14 (SIMULATION OF UNWRAPPING (CONFLUENCY)). As-
sume® Face 09T i = 1and 0 kace 7° 0, 0 Face vVT7P
vopandOrpce 7’V v Ifv" 7T o o T =0 > o
and % »a 'V theno'V™P 7'V — oo MP andv®7F (7% i 6’ =
0): 7= 7 < MP.

rw—p

Proor. We proceed by induction on the length of the derivation

tree of 09T 10 > 1 = 0’ — ¢/ ba/VTP 4

Base cases:

e Rule [V-CasT]. We assume @ Facc 077 : 0 — 7 and

20,0 FaCC o’V P

0 Frce 7% tv o p >V >
pl v = pland 0 Face 2V VL I L o o>
P iy > p = VvV - p’ and
7% »< 7'V then by rule [V-CasT], we have that 0777 s«
0’"7P. By rule [EC-AppLicATION], we have that (/Y77 :
vo p=V > p) 7V — e (VTP (VU =,
v)) : p = p’. By rules [V-PaR] and [V-CasT] we have that

o

T =0 - 17 =

7% io’ Saoma’V v a0 By rule [V-App], we have
that 07 (79 : ¢/ =p o) b 0’VP (' v = v). By
rule [V-CasT], we have that (0977 (1% : ¢’ = 0)) i 7=
o (V7P (2 i DA 0) i p = p

e Rule [V-CasTL]. We assume 0 Frcec 077 -
Orpce 7° 0,0 Face V7P 10— pand O Face 7'V 1 v.
fo'7 i 6 > 1= o — ' »a0’"7P and 7% »a 7'V
then by rule [V-CAsTL], we have that 077 b« 0’ P Since

v'Y7P and n’Y are values, we have that 0o’V—F 7'V _)B\CC

v’V 7P 7'V, By rule [V-CasTL], we have that 7% o =
o > 7'V, By rule [V-Appr], we have that 077 (7% 16’ =

o — rand

o) »< 0’V7P 'V By rule [V-CasTL], we have that (v % (7% :

o' =p0) T VTP 7Y,

Induction step:

o—T

e Rule [V-CasTR]. We assume 0 Frcc v : 0 — rand

)
0 rprce 7% 10,0 Fpcc VTP v > p 2V o pl
’
vV > pand 0 Fpce 7’V VM0 io s = 0 —
’ ’
< o7P v 5 p =V > pand 7% < 7’V then

4This lemma is used in Lemma 6.15, in rule [V-App], case rule [EC-APPLICATION].
According to rule [EC-APpPLICATION], 77 is not wrong. In the specific case we use the
lemma, we assume 77’V is not wrong.
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by rule [V-CasTR], we have that v“ 77 : 60 > 7 = ¢’ —
t/ > 0’V and by rule [V-CasTR], we have that 7%
7V Y =0 By rule [EC-AprLicATION], we have that
("7P v > p = v — pl) n.lv’ —sace (VP (ﬂ,/v’ .
v = v)) : p = p’. By the induction hypothesis, we have
that o’ (2’V" : v/ = v) —* .. MP and 077 (29 :
o’ =, o) : T = 1/ >« MP. By rule [E-Ctx] and context
E:p = p’, we have that (¢o/V7° (Vv =A ) p=
p' —cc MP : p = p’. By rule [V-CasTR], we have that
07T (190" Dp0) =T < MPip =

[m]

LEMMA 6.15 (SIMULATION OF VARIANT PROGRAMS). For all TI7 »<
Y7 such that @ bhcc 117 = 0 and O bace 17 : v, if TI] —>pcc 1T

: U U * v o U
then there exists a Y such that Y} —ce 5 and 115 »< 7.

Proor. We proceed by induction on the length of the deriva-
tion tree of I1{ >« Y7 (definition 5.2) followed by case analysis on
Y —acc 1f, and using lemmas 6.11, 6.12, 6.13 and 6.14, and
theorems 6.3 and 6.4.

Base cases:

e Rule [V-Con]. If kB >« kB and since kB is a value, then it is
proved.

e Rule [V-WRoONGLY]. If wrong® »< IIY and wrong® — acc
wrong?, then by theorem 6.4, any amount of evaluation steps,
say II" —7 -~ Y7, yields an expression Y. By rule [V-
WRONGL], we have that wrong? >« YV.

e Rule [V-WRONGR]. If II? »<« wrong’ and II° —xcc Y9,
then we have that wrong? —>(/)\ cc wrong® and by rule [V-
WRONGR], we have that Y >« wrong®.

Induction Step

e Rule [V-ABs]. If Ax : 0. M” »< Ax : v . NP, and since both

Ax : 0. M" and Ax : v . N” are values, then it is proved.

o Rule [V-APp]. There are six possibilities:

— Rule [E-BETA]. If (Ax : 0. M") 7% >« NP YV and (Ax :
0. M) 1% —nce [eF (x) = (%) ] M7, then by rule
[V-Arp], we have that Ax : . M” »« NP and 77 >« YV,
By lemma 6.12, we have that N” —>*/‘\CC rP and Ax :
o . MT >« rP. By applying lemma 6.12 to each deriva-
tion of rule [E-PAR], we have that YV —>’/‘\ cc Y'Y and

% > Y'Y, such that components in Y’? are all results. By
applying rule [E-Ctx] with context E YV, we have that
NP YV —* PP YV

If ” = wrong, then by rule [E-WRONG], we have that
rP YU —cc wrong’, and by rule [V-WroNGR], [c7 (x)

— <7ta>;[/] MFT > wrongp,.

If rP # wrong®, then by rule [E-Ctx] with context v” E,
we have that v Y¥ — ¢ 0P Y'Y, If there exists a com-
ponent of Y’V that is wrong, then by rule [E-PusH], "V
—sacc wrong®. By rule [E-Ctx], we have that v” Y'Y
—acc 0P wrong? and by rule [E-WRroNG], v” wrong?
—ACC wrongp,, and by rule [V-WRONGR], [ciT' (x) >
(ﬂ”)i’,] MFT >« wrongp'.
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IfY’Y = 7'V, then by lemma 6.13, we have that v” 7'V
—* oo NP and [T (x) > (2)T ] M7 o< NP’

Rule [E-CTx] and context E I1°. If M” I1¢ »« NP YV and
MT TI° —  cc M'* 19, then by rule [V-Apr], we have
that M” >« NP and I1° »< YV, and by rule [E-CTx], we have
that M* — ,cc M’". By the induction hypothesis there
exists a N'# such that N¥ —7 .. NP and M'* >« N'P.
By rule [E-CTx], we have that N YV —>j‘\cc N’P YV and
by rule [V-App], we have that M’” I1° »« N'P YV,

Rule [E-Ctx] and context o E. If M” II? >« NP YV and
MT 119 —  cc M* I1'?, then by rule [V-App], we have
that M" »« NP and I1° »< YV, and by rule [E-CTX], we
have that 11 — ,c¢c II’?. By the induction hypothesis
there exists a Y’V such that YV —7 Y’v and I179 »« Y7V,
By rule [E-Ctx], we have that N¥ YV —7 . N Y, and
by rule [V-App], we have that M" I1’? »« NP Y'Y,

Rule [E-WRoNG] and context E Y? or o E. If M" TI° v«
NP YV and M* II° — ¢ wrongT/ fortr=0—> 1 and
p=v—p, thenbytheoremsé?)and64 NP YV —*
N’P’" and by rule [V-WRONGL], wrong”™ » N’ 8
Rule [EC-AppLicaTION]. If (097 16/ > ¢/ = 0 —
)% =< NP Y and (097 : 0/ > ¢ = 0 — 1) 1°
—spce (0777 (29 1 0 =a 0’) 1 ¢ = 1, then by
rule [V-Arp], we have that (07 27 : ¢/ - ¢/ = o —
7) >« NP and 79 » Y'. By lemma 6.12, we have that
NP —7 - P and 0™ i 5 =0 o 1) P,
By applying lemma 6.12 to each derivation of rule [E-PAr],
we have that Y —* ce Y’V and 79 >« Y'Y, such that com-

ACC

ponents in Y’V are all results. By applying rule [E-Ctx]

with context E Y", we have that NP Y¥ —7 . r? Y.

If rP = wrongP, then by rule [E-WRoONG], we have that
rP YU — \cc wrong?’, and by rule [V-WRoNGR], (07 7
(1% : 0 =5 ') : T = 702 wrongP .

If rP # wrong®, then by rule [E-Ctx] with context v’# E,
we have that o’? YV —, cc 0’P Y. If there exists a
component of Y’V that is wrong, then by rule [E-PusH],
Y'Y —s o wrong”. By rule [E-Ctx], we have that o’? Y’V
—acc VP wrong and by rule [E-WRoNG], v’P wrong?
—ACC wrongp and by rule [V WRONGR], (07 27 (7
c=70")) 7 = 1< wrongp

If Y’V = n'Y, then by lemma 6.14, we have that v’” 7'’
—>ACCNP and (0777 (2% 16 =5 ) 1T = 1
N

e Rule [V-ADD]. There are five possibilities:

- Rule [E-App]. If k" + kMt oo MMt 4+ MM and kI +
kg’” —sACC kg’” then by rule [V-App], we have that
k{"t > M{"t and kI"t >a MI"t By lemma 6.12, we have that

Int ___ % Int Int Int ___y* Int
M; ; C? and k" >« r ! and M" —% o 1y
nt nt

and ky" > )"

If either r{"t or ré”[ is a wrong, then by rule [E-WRroNG] and
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contexts E+M" or oM + E, MInt 4 MMt — —" e wrongt
and by rule [V WRONGR], ké’” > wrong

Int Int

Otherwise, we have that r;"" is a constant kI”t and r,
is a constant ké”‘, By rule [E Crx], and contexts E + M T
and v” + E, we have that MI"t MI’” /\CC ki’” + MI'”
and k't + MMt —* kI”‘ + kI"t By rule [E-ADD], we
have that ki"t + ké”[ —ACC ké’”. By rule [V-Con], we
have that ké”t > ké’”.
Rule [E-CTx] and context E + M. If M{"t + Mé”t < Nll”t +
NZI”t and M{”‘ + MZI'” —sACC M{I"t + Mé’”, then by rule
[V-ADD], we have that M]" > Nlp1 and M,? »< szz, and
by rule [E-Ctx], we have that M{"t —ACC M’Im By the
: ; : Int 1Int
induction hypothesis, we have that N;* —7 .. N/™
and M’I’” < N’I”’ By rule [E-CTx], we have that NI’” +
NZI'” e N’I’” + NI'” and by rule [V-App], we have
T by It It Int
that M + M, va N/ + N,
Rule [E-CTx] and context o™ +E. IfM{”@Mé”t > NII”t+NZI”t
and M{"t + Mé’” —sACC M{”t + MéI”t, then by rule [V-
ADD], we have that M{’” < NlI”t and Mg’” b NZI’”, and
by rule [E-Ctx], we have that le"t —ACC M’I”t By the
: ; ; Int 7Int
induction hypothesis, we have that N,” —7 . N,
and Mél’” < NZ’I’”. By rule [E-CTx], we have that N{”[
NZI'” —cc NII"t + NZ’I"t and by rule [V-Apb], we have
Int Int Int Int
that M{™ + M)™ ba N + NJ.
Rule [E-WRoNG] and context E + M? or v% + E. If M{'” +
MM sa NIt NIt and MM+ MM —s o wrong!™
then by theorems 6.3 and 6.4, NII’” + NZI’” —>’;\CC NInt,

and by rule [V-WRoNGL], wrong™ v« NI,

e Rule [V-PAR]. There are two possibilities:
- Rule [E-Pusu]. If ri* | ... | ry" p< Mfl | ... | M and

Tl | ... | —ace wrongT‘/\"'/\T" then by theorems

63and64 we have thatM —% e Np1 and ... and
M — e N£" By rule [E PAR], we have that M‘D !

| ... | MEm —%ce Np1 | ... | N and by rule [V—
WRONGL], we have that wrongflA “ATn pg Nlp1 | ... Nf;".
Rule [E-PAR]. If M{* | ... | My" »=< NP' | ... | NJ" and
Mfl | ... | My —acc M; M| ... | My, then by rule
[V—PAR], we have that M > Nlp1 nd...and M} >« NJ”
and by rule [E-PAr], Vi . either Ml.Ti is a result and Ml.Ti =
Ml.'Ti or MI.T1 —ACC MI./T" and Ji . MiTi is not a result.
For all i such that Ml.Ti is a result, then either Ml.ri = vl.Ti or
M = wrong’i If M* = 0", then by lemma 6.12, we have
thatN — e rA‘l ando > rfi and let Nl.'pi = r{)i.
Therefore, M'T’ < N'p LI MT’ = wrongfi then by theo-
rems 6.3 and 6.4, N —" Pt and by definition 5.1,
M e N/

1

/\CC

For all i such that MiT L —,cc M'Ti by the induction
hypothesis, we have that N' — —ce N; "Pi and M b
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NP

1
By rule [E-Par], we have that Nfl | ... | Nfm —%ce
N{p1 | ... | N;°™ and by rule [V-Par], we have that M|

7 7’
o IME e NP NG

e Rule [V-CasT]. There are seven possibilities:

— Rule [E-Ctx] and contextE : 11 = 1. f M™ : 17 = 13 <
NPU:py = ppand M™ i 1y = 15 —pcC M™ i =1
then by rule [V-CasT], we have that M™ » Nf1, and by
rule [E-Ctx], we have that Mt — ,cc M’™. By the
induction hypothesis, we have that NP1 —7 . N’/
and M’™ >« NP1, By rule [E-Ctx], we have that N1 :
p1 = p2 —>’;CC N’P1: p; = ps, and by rule [V-CasT],
we have that M'™ : 1; = 1 < N'P1 : p; = p.
Rule [E-WRoNG] and contextE : 1y = 0. f M : 1 =
72 2 NP1 : py = ppand M™ : 1y = 15 —> Ao wrong™
then by theorems 6.3 and 6.4, NP! : p1 = p3 —
N’Pz_and by rule [V-WRONGL], wrong™ v« N’z
Rule [EC-IDENTITY]. If o7 : 7 = 7 < NP1 : p; = py
and 0¥ : T = 7 —>,¢c 0" then by rule [V-CasT], we
have that o7 » NP1. By rule [V-CasTR], we have that
0% > NP1 : p; = py. By lemma 6.12, we have that N1 :
p1 = p2 — o P and 0" s P2,
Rule [EC-SucceED]. If o : G = Dyn: Dyn = G »< NP1 :
p1 = pz andvC : G = Dyn: Dyn = G — ncc 0° then
by rule [V-Cast], v© : G = Dyn »« N1, By lemma 6.12,
we have that N°* —7 - P! and 0% : G = DynwarPr,
By rule [V-CasTL], vC »a rP1. By rule [E-Ctx] and context
E : p1 = p2, we have that NP' : p; = py — . 1Pt
p1 = pz. By lemma 6.11, 7P : p1 = pp —" -~ r'P? and
00 ba r'P2,
Rule [EC-FarL]. If 01 G = Dyn : Dyn = Gy »a NP1 :
p1 = p2 and 09! : Gy = Dyn : Dyn = Gy —sacc
wrong© then by theorems 6.3 and 6.4, N! : p; = py
— cc NP2, and by rule [V-WronGL], wrong®2 s« NP2
Rule [EC-GroUND]. If 97 : 7 = Dyn >« NP1 : p; = p2
and v” : T = Dyn —cc v¥ : T = G : G = Dyn, then
by rule [V-CasT], we have that 0* >« NP1, By lemma 6.12,
we have that N°* —7 . r”! and v »< r”. By rule [E-
Ctx] and context E : p; = py, we have that N1 : p; =
“ce TP1 o p1 = pa. By rule [V-Cast], we have that
o' : 7= G>arPl: p; = py, and by rule [V-CasTL], we
have that o” : 7 = G : G = Dyn»arPl : p; = ps.
Rule [EC-ExpaND]. If 0P : Dyn = 75« NP1 : p; = ps
and oPY" : Dyn = 1 —sp cc P :Dyn = G : G = 1,
then by rule [V-Cast], we have that oPY" =« NP1, By
lemma 6.12, we have that N1 —>”/‘\CC rP1 and oPy"
By rule [E-Ctx] and context E : p; = pz, NP' : p; =
nce TPt p1 = p2. By rule [V-Cast], we have that
oPY" . Dyn = G »a 1Pt : py = py. By rule [V-CastL], we
have that oPY" : Dyn = G : G = tearP1 : p; = py.

p2 —

>a P,

p2 —

o Rule [V-CasTL]. There are seven possibilities:

- Rule [E-CTx] and context E : 1y = 7. f M" : 1 =
p NPand M™ : 11 = 15 —cc M 11 > 1
then by rule [V-CasTL], we have that M >« NP and
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by rule [E-Ctx], we have that M — ,cc M’™. By the
induction hypothesis, we have that N¥ —7 . N’ and
M’™ >« NP By rule [V-CasTL], we have that M'™ : 71 =
To P N'P.

- Rule [E-WRoNG] and contextE: 11 = 1. f MY : 11 =
72 >« NP and M : 11 = 13 —>acc wrong™ then by
theorems 6.3 and 6.4, NP —)*/\CC N’P, and by rule [V-
WRONGL], wrong™ »« N'P.

— Rule [EC-IDENTITY]. If 0o : 7 = 7>« NP and 0 : 7 =
7 —acc 0" then by rule [V-CasTL], we have that v” >«
NP. By lemma 6.12, we have that N* —>f\CC rP and
o sarP.

— Rule [EC-Succeen]. If o© : G = Dyn : Dyn = G >« NP
and vC : G = Dyn : Dyn = G —s s¢c 0© then by rule
[V-CastL], v© : G = Dyn »« NP. By rule [V-CasTL],

0% = NP. By lemma 6.12, we have that N* _’j\CC rP

and 0C »a rP.

— Rule [EC-Fa1L]. If v©! : G; = Dyn : Dyn = Gy »a NP
and v©! : G = Dyn : Dyn = Gy — pncc wrong®? then
by theorems 6.3 and 6.4, N —" .. N'7, and by rule
[V-WRONGL], wrong®? »a N'P.

— Rule [EC-GrounD]. If o : 7 = Dyn><« NP and 0” : 7 =
Dyn —pcc 0° : T = G : G = Dyn, then by rule [V-
CasTL], we have that 0”7 = NP. By lemma 6.12, we have
that NP —7 .. r” and 0 »< r”. By rule [V-CasTL], we
have that v” : 7 = G »< r”, and by rule [V-CAsTL], we
have thato” : 1 = G : G = Dyn»arP.

— Rule [EC-ExpaND]. If P : Dyn = 7 »a NP and oD :
Dyn = 1 —spacc 0PV . Dyn = G : G = 7, then by
rule [V-CasTL], we have that oDy e NP, By lemma 6.12,

we have that N¥ —7 . r” and oPY" sa rP. By rule [V-

CasTL], we have that oDy, Dyn = G >« rP, and by rule
[V-CasTL], we have that oPY" : Dyn = G : G = rpa rP.

e Rule [V-CasTR]. If M* >« NP1 : p; = py and MT — ¢
M’T then by rule [V-CasTR], we have that M” »« NP1 By
the induction hypothesis, we have that N*! _’j\CC N'P1
and M’T =« NP1, By rule [E-Ctx] and context E : p1 = pg,
we have that NP! : py = p2 —rcc NP : p1 = pg, and
by rule [V-CasTR], we have that M'" »« N'P1 : 71 = 1.

]

THEOREM 6.16 (CONFLUENCY OF OPERATIONAL SEMANTICS). For
all TI° >« YV such that O +pcc T1° : o and O Fpacc YV : v, and
assuming 7 # wrong?, if11% —7 . 7 then YV —7 - 7 and
log 1
7y ey

Proor. By lemma 6.15 and induction on the length of the reduc-
tion sequence, applying theorem 6.4, we have that I1 _)T\CC ot
and YV —7 .~ Y'Y and #{ < Y'Y, By lemma 6.12 applied to each
component, and by rule [E-PAr], either Y'Y —>’/‘\ cc ng and 7 <
my,or Y'Y —7 - Y”Y and by rule [E-Pusu], Y""* — scc wrong®
and 77 v« wrong®. O
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